
CS121 – Introduction to Artificial Intelligence – Summer 2010

Homework #4
(Heuristic Search)

Out: 7/19/10 — Due: 7/27/10 (at noon)

How to complete this HW: First copy this file; then type your answers in the 
file immediately below each question; start each question on a separate page, 
write your name on every page.  Finally, print this file and return it as per 
Deepak’s instructions no later than Tuesday 7/27 at noon.

Your name: 
………………………………………………………………………………………

Your email address: 
……………………………………………………………………………

Note on Honor Code: You must NOT look at previously published solutions 
of any of these problems in preparing your answers. You may discuss these 
problems with other students in the class (in fact, you are encouraged to do so) 
and/or look into other documents (books, web sites), with the exception of 
published solutions, without taking any written or electronic notes. If you have 
discussed any of the problems with other students, indicate their name(s) here:
…………………………………………………………………………………………………
Any intentional transgression of these rules will be considered an honor code 
violation. 

General information: Justify your answers, but keep explanations short and 
to the point. Excessive verbosity will be penalized. If you have any doubt on how 
to interpret a question, tell us in advance, so that we can help you understand 
the question, or tell us how you understand it in your returned solution.



Grading:
Problem# Max. grade Your grade
I 25
II 25
III 25
IV 25

Total 100
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I. Best-First Search (25 points)
Consider the following state graph:

The state space consists of states S, A, B, C, D, E, G1, and G2. S is the initial state. 
G1 and G2 are both goal states. The possible transitions between states are 
indicated by arcs. So, for instance, the successor function applied to state S 
returns {A, B}; applied to state A it returns {C, D}, etc... The number labeling each 
arc (roughly at the mid-point of the arc) is the actual cost of the corresponding 
action. For example, the cost of going from S to A is 3. The number in bold italic 
near each state is the value of the heuristic function h at that state. For example, 
the value of h at state C is 3.

1. Fill the following table with the nodes successively added to the fringe by the 
best-first search algorithm using the evaluation function f(N) = g(N) + h(N), 
where g(N) is the cost of the path found from the initial node to node N. The 
algorithm does not check if a state is a re-visited state or not (hence, there 
may be several nodes with the same state in the search tree). It terminates 
only when it expands a goal node. The states produced by the successor 
function are always ordered in alphabetic order. In the rightmost column 
(#exp), indicate the order in which nodes are expanded (i.e., are removed 
from the fringe). If a node is not expanded, leave the corresponding cell 
empty. The first line of the table is filled for you. It is possible that you do not 
need all the rows in the table. In this problem, you don’t have to justify your 
answers.
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N State g(N) h(N) f(N) #exp
1 S 0 10 10 1
2
3
4
5
6
7
8
9
10
11
12

2. Is the heuristic function h defined by values provided in the figure admissible?  
How do you know?  How does this affect the search?
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II. Admissible Heuristic (25 points)
Consider the 8-puzzle problem. 

1. Assume that the goal state is the following state:

                                                              

1 3

4 5 6

7 8

2

In any state s, for any non-empty tile i = 1 to 8, the number ni of permutation 
inversions is the number of tiles j < i that appear after tile i (as defined in 
class). The total number of permutation inversions of s is P = Σi=1,...,8 ni.

Let h(N) be the heuristic function that evaluates to the total number of 
permutation inversions in the state of node N. See slide 8 of lecture on 
Heuristic Search for a definition of this heuristic and slide 17 of lecture on 
Search Problems for a definition of a permutation inversion (note that the total 
number of permutation inversions does not include the row number of the 
empty tile). Is h admissible? If yes, prove it. If not, show a counter-example.

2. Assume now the goal test only specifies the number of each of the 3 tiles in 
the top row (hence, there are multiple goal states). For instance, the goal may 
be:

                                        

1 3

x x x

x x

2

x

where each “x” stands for any tile other than 1, 2, or 3 (all tiles marked “x” are 
distinct).

Define two admissible heuristic functions for such a goal condition (other than 
trivial functions such as h=0 at all states, h=0 at the goal states and 1 at all 
other states, or other similar heuristic functions).
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3. Assume that the goal test requires that the sum of the tiles on the first row 
must be exactly 9. Define an admissible heuristic function for such a goal 
condition (other than the trivial function h=0). [Hints: Count how many 
combinations of tiles in the first row satisfy the goal test. Try to use the 
results of Question 2.]
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III. Approximately Optimal Search (25 points)

The two objectives of (1) finding a solution as quickly as possible and (2) finding 
an optimal solution are often conflicting. In some problems, one may design two 
heuristic functions hA and hN, such that hA is admissible and hN is not admissible, 
with hN resulting in much faster search most of the time. Then, one may try to 
take advantage of both functions. 

Let f(N) = g(N) + hA(N), where g(N) is the cost of a path from the initial node to 
node N. Let Aε* search be defined as follows. Like A*, it runs the SEARCH#2 
algorithm, hence it terminates when the node selected for expansion is a goal 
node. Also, like A* (since hA is only known to be admissible), Aε* does not try to 
detect if states are re-visited. However, unlike A*, at each expansion step, Aε* 
expands a node N’ (any one) such that f(N’) ≤ (1+ε)×minN∈FRINGE{f(N)}, where ε is 
any strictly positive number. In other words, if N is the node in the fringe that 
has the smallest value of f, then Aε* expands a node N’ that such that f(N) ≤  f(N’) 
≤ (1+ε)×f(N). 

1. Prove that Aε* terminates whenever a solution exists.

2. What can you say about the cost of the solution returned by Aε*? [Hint: Prove 
that the cost of the path found by is only slightly greater than the cost of the 
optimal path.]

3. Explain briefly how Aε* can use the second heuristic function hN to reduce the 
time of the search. What tradeoff is being made in choosing ε? [Hint: What are 
the advantages and drawbacks of increasing the value of e?]
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IV. Pathmax Algorithm (20 points)
[Hint: This problem requires having a good understanding of what a consistent 
heuristic is and the conditions under which the second claim on slide 51 in 
“Lecture 3 (continued) -- Chapter 3 Informed Search” is proven.]

Let h be an admissible, but non-consistent heuristic function. A best-first search 
algorithm called Pathmax uses this function as follows. When it adds a new node 
N’ to the search tree as a child of a node N, instead of computing f(N’) = g(N’) + 
h(N’), Pathmax computes f(N’) = g(N’) + h’(N’), where h’(N’) is defined as follows:

 h’(I) = h(I), where I is the root (initial node) of the search tree,
 h’(N’) = max{h(N’), h’(N) − c(N,N’)}, for every other node N’, where N is the 

parent of N’ and c(N,N’) is the cost of the arc from N to N’.

1. So, Pathmax uses a new heuristic function h’ derived from h. 
Prove that h’(N) ≤ c(N,N’) + h’(N’) for any node N and any of its children N’ in a 
search tree.
Prove that h’(N) never overestimates the cost to go to a goal node for any 
node in a search tree.
So, explain what Pathmax tries to do by using h’ instead of h? 

2. Assume now that Pathmax avoids re-visiting states as described in Slide #53
(slide titled “Revisited with Consistent Heuristic” of “Lecture 3 (continued) -- 
Chapter 3 Informed Search”). Consider the example shown in slide #42 on 
Heuristic Search and set the value of h at the root to be 3. Show that Pathmax 
does not return the optimal solution. Why did it fail to find the optimal 
solution? Is the method described in Slide #53 incorrect, or is there a problem 
with h’?
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