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1 Inner Product and Orthogonality

Definition 1: The inner product of two vectors x and y,

x =


x1

x2

.

.

.
xn

 ,y =


y1

y2

.

.

.
yn


is denoted 〈x,y〉:

〈x,y〉 =
n∑

i−1

xiyi = x1y1 + x2y2 + ...xnyn

Note that
〈x,y〉 = xT y = yT x

Definition 2: Two vectors x and y are orthogonal if 〈x,y〉 = 0.

Example 1: Are the following vectors orthogonal?

v1 =
[

1
1

]
,v2 =

[
1

−1

]
Draw them on the real plane.

Answer:
〈v1,v2〉 = (1)(1) + (1)(−1) = 0

Yes, they are orthogonal.

Figure 1: Orthogonal Vectors

We can say a larger set of vectors is orthogonal as well, if each vector is orthogonal to all others.

Definition 3: A set of vectors {vi}m
i=1 is orthogonal if 〈vi,vj〉 = 0 ∀i 6= j.

Example 3: Find a non-zero vector that is orthogonal to both (1, 1, 1) and (1,−1, 0). Are there many such vectors, or
only one?
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Answer: Suppose the vector is (x, y, z). Then

x(1) + y(1) + z(1) = 0

and
x(1) + y(−1) + z(0) = 0

That is, there are two equations in the three unknowns:

x + y + z = 0

and
x− y = 0

Gaussian elimination produces:
x +y +z = 0

−2y −z = 0

And there are several solutions: z, y = − z
2 , x = −z

2 . One solution is (−1,−1, 2). There are several such non-zero

vectors.

2 Linear Independence and Orthogonality

Orthogonality implies linear independence if all vectors are non-zero. Note that the converse is not true; Example 3
shows linearly independent vectors that are not orthogonal.

Theorem If a set of non-zero vectors {vi}m
i=1 is orthogonal, it is linearly independent.

Proof: To show linear independence, we first suppose

c1v1 + c2v2 + ...cnvn = 0

(now we need to show that this implies that all ci are zero).

Take the inner product of both sides with any of the vi, say v1:

vT
1 (c1v1 + c2v2 + ...cnvn) = vT

1 (0) = 0

⇒ c1vT
1 v1 + c2vT

1 v2 + ...cnvT
1 vn = 0

As {vi}m
i=1 are orthogonal,

vT
1 vi = 0i 6= 1

and
c1vT

1 v1 = 0

As the vectors {vi}m
i=1 are non-zero,

vT
1 v1 6= 0 ⇒ c1 = 0

In this manner, by taking inner products of the first equation with any vector vi, we can show that ci = 0. Thus,

c1v1 + c2v2 + ...cnvn = 0 ⇒ c1 = c2 = ...cn = 0
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Example 3: Are the following vectors linearly independent? Are they orthogonal?

v1 =

 −1
1
1

 ,v2 =

 1
−1

0

 ,v3 =

 1
1
0


Answer: Yes, they are linearly independent because: −1 1 1

1 −1 1
1 0 0

 a1

a2

a3

 =

 0
0
0


 −1 1 1

0 0 2
0 1 1

 a1

a2

a3

 =

 0
0
0


 −1 1 1

0 1 1
0 0 2

 a1

a2

a3

 =

 0
0
0


gives a1 = a2 = a3 = 0 as the only solution.

No, they are not orthogonal: 〈v1,v2〉 = −2, 〈v1,v3〉 = 0, 〈v2,v3〉 = 0

Thus Example 3 provides an example of vectors that are linearly independent but not orthogonal.

3 Norms and Orthonormality

Definition 4: The norm of the vector x is:

||x|| =

√√√√ n∑
i−1

x2
i =

√
x2

1 + x2
2 + ...x2

i + ...x2
n

Observe that
||x|| =

√
〈x,x〉

An orthonormal set of vectors is orthogonal, and, additionally, each vector has a norm of one.

Definition 5: A set of vectors {vi}m
i=1 is orthonormal if it is orthogonal, and, additionally,

||vi|| = 1 ∀i.

In particular, one can have orthonormal bases that are very useful.

Example 4: Are the vectors in Example 1 orthonormal? Is there a simple way to make them orthonormal?
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Answer: No, they are not orthonormal, because ||v1|| = ||v2|| =
√

2. Yes, one can make them orthonormal by
dividing each vector by

√
2. So,

v3 =

 1√
2

1√
2

 ,v4 =

 1√
2

− 1√
2


is an orthonormal set.

Example 5: Consider the matrix U, whose columns are orthonormal. Show that U−1 = UT .

Answer: Let ui denote the ith column of U. The (i, j)th element of the matrix product UT U is 〈ui,uj〉. From the
definition of orthonormality, 〈ui,uj〉 = 0 i 6= j and 〈ui,uj〉 = 1 i = j. Hence only the diagonal entries of UT U are
non-zero, and their values are 1. Hence UT U = I and U−1 = UT .

4 Coefficients wrt an orthonormal Basis

Suppose {vi}n
i=1 is an orthonormal basis of Rn. Then the coefficients ai of x with respect to (wrt) this basis are simply

ai = 〈x,vi〉.

To see this, let
x = a1v1 + a2v2 + ...anvn

and
〈v1,x〉 = vT

1 x = a1vT
1 v1 + a2vT

1 v2 + ...anvT
1 vn

As {vi}n
i=1 is orthonormal,

〈v1,x〉 = vT
1 x = a1vT

1 v1 + 0 + ...0 = a1(1)

Similarly, one can show that
〈vi,x〉 = ai ∀ i

Example 6 What are the coefficients of x = (1, 0, 1, 1) with respect to orthonormal basis

v1 =



1
2

1
2

1
2

1
2


,v2 =



1
2

− 1
2

1
2

− 1
2


,v3 =



1
2

1
2

− 1
2

− 1
2


,v4 =



− 1
2

1
2

1
2

− 1
2


,

(A set of multiples of these vectors was shown to be a basis of R4 in the notes on Vector Spaces, Example 11. It is
easy to check that these are orthonormal). The coefficients of x wrt this basis are easily found using inner products:
a1〈v1,x〉 = vT

1 x = 3
2 , and, similarly, a2 = 1

2 , a3 = − 1
2 , a4 = − 1

2 . You may check that these are correct.



Exercises

1. Find the norms and the inner product of x = (1, 4, 0, 2) and y = (2,−2, 1, 3).

2. According to analytic geometry, two lines are orthogonal when the product of their slopes is −1. Consider the line

joining the origin to point (x1, y1). What is its slope? Consider the line joining the origin to another point (x2, y2).
What is its slope? When are these two lines orthogonal (that is, when is the product of the slopes equal to −1)?
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Now consider these two lines as vectors. Using the definition in this section on vector orthogonality, when are they
orthogonal? Is this condition identical to that obtained by considering the vectors as lines through the origin?

3. For invertible matrix X, is the ith row of X−1 orthogonal to the jth column of X? Is the ith column of X−1

orthogonal to the jth row of X?

4. Which pairs are orthogonal among the vectors:

v1 =


1
2

−2
1

 ,v2 =


4
0
4
0

 ,v3 =


1

−1
−1
−1


5. In R3 find all vectors that are orthogonal to (1, 1, 1) and (1,−1, 0).

6. Find a non-zero vector orthogonal to all rows of  1 2 1
2 4 3
3 6 4


Find another non-zero vector orthogonal to all columns of the above matrix.

7. Find all vectors in R4 that are orthogonal to (1, 4, 4, 1) and (2, 9, 8, 2).




