Vector Spaces and Subspaces: Notes for CSci 124/224

Poorvi L. Vora

1 Definition

A vector space over a field F (for the moment we consider only the field of real numbers, R) is a set
of vectors V with two operations:

vector addition: VXV — V denoted v+ wforvandw € V
and
scalar multiplication: F x V — V denoted cv forc € Fandv € V

such that:

1. Vs closed with respect to (wrt) vector addition. Thatis,v,.w € V=v+w € V.
2. Vs closed wrt scalar multiplication. Thatis,c € F,v € V=c¢v € V
3. The operation of vector addition has the following properties:

(a) Itis commutative. Thatis, v, w € V=v+w=w+V

(b) Itis associative. Thatis,v,w,x € V= (v+w)+x=v+ (W+X)

(¢) It has an identity. Thatis, 3e € V suchthat, Vv € V,v+e=v.
e is often denoted 0, the zero vector.

(d) It has an inverse. Thatis,Vv € V, 3(—v) € Vsuchthatv+ (—v) =e.
4. The operation of scalar multiplication has the following properties:
(a) It has an identity that is also the identity of F', denoted 1. Thatis, 31 € F such that,
Vv € V,lv=v,and,Vc € F,1lc=c.
(b) Itis consistent with field multiplication. Thatis,v € V, ¢, d, € F = (cd)v = ¢(dv)

(c) It is distributive over vector addition. Thatis, ¢ € F,v,w € V = ¢(v+w) =

CcV + CW.

(d) Itis distributive over field addition. Thatis,v € V,¢,d, € F = (c+d)v =cv+dv
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2 Examples of Vector Spaces

1. The two-dimensional cartesian space over the field of real numbers, R.
2. The three-dimensional cartesian space over R.

3. The n-dimensional cartesian space over R, for positive integer n.

4. Rover R.

5. The set of n x m matrices for positive integers n and m over R.

3 Examples of the Applications of Ideas from Vector Spaces

Now consider a two-dimensional grey scale image of size m X n, with each pixel taking on values
from 0 to 255, inclusive. For example, consider the following image of size 3 x 4:

Figure 1: A grey-scale image

It can also be represented as an array of its pixel values:

100 | 200 | 225 | 235
125 | 225 | 250 | 155
150 | 250 | 225 | 125

The grey-scale values are often piled into a single column, row by row. That is, the image is often
represented as a single column of size mn, with the first n values being the first row, in order, the
next n values the second row, in order, and so on. In our example, the image would be represented
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as:
100

200
225
235
125
225
250
155
150
250
225
125

One often needs to process these images — for example, to deblur or compress them. That is, one
wants to perform mathematical operations on these images. It is hence useful to think of these
images as being contained in a vector space of dimension mn (in our example, the dimension is
12) over the real numbers. Addition is defined as regular component-wise addition, and scalar
multiplication is defined as multiplication of each pixel value by the scalar.

Now notice that the set of images is, by itself, not a vector space, for several reasons. First, it is not
closed wrt field multiplication (take an image that is constant: all pixel values are 200; multiplying
it by 2 results in a vector that does not correspond to a grey-scale image, because each component
is larger than 255). Second, it is not closed wrt vector addition (take two images, each constant
with pixel value 200; adding them results in a vector that does not correspond to a grey-scale image,
because each component is larger than 255). Third, the additive inverse of a non-zero image is not
among the images, because at least one of its pixel values is negative.

However, one may think of the images as all lying within the vector space during processing. All
the processing is performed in the vector space. At the end of the processing, a resulting vector of
size mn is obtained. Each of the components of the resulting vector may not be an integer between
0 and 255; that is, the resulting vector may not correspond to a grey-scale image. The resulting
vector is transformed into the closest vector that does represent a grey-scale image, and this is the
image resulting from the processing.

In our example, we may wish to perform averaging: replace each pixel value with the average pixel
value in the 3 x 3 window around (and including) the pixel. So, for example, the pixel in the second
row and second column of our example, of value 225, will be replaced by one of value

100 + 200 + 225 + 125 + 225 + 250 + 150 + 250 + 225 1750
9 9

rounded off to 194.

Each of the following may also be treated as vectors in a larger vector space:

1. The three color values at a single pixel in a color image.
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2. Ann x m color image, which has 3nm components (3 colors for each pixel).

3. A video clip consisting of p frames, each a color frame of size n x m. This will have 3pnm
components (each frame has 3nm components).

4. n consecutive samples of a sound signal, taken At apart.

4 Example of a Set that is not a Vector Space

Example 1: The first quadrant in two-dimensional euclidean space over the field of real numbers,
R.
A= {b = (‘T’y)‘xvy € Rz >0,y > 0}

(The symbol *

” stands for “such that”).

Figure 2: The first quadrant is not a vector space

Is A closed wrt vector addition?
Take any two vectors from A, (z1,y1) and (x2,y2). Their sum is (x1 + z2,y1 + y2). Thisisin A
ifandonlyif 1 + 22,91 +y2 € R,andz1 + 29 > 0,y1 +y2 >0

e By the definition of A, x1,¥y1,z2,y2 € R. This implies that 1 + z2,y1 +y2 € R.

e Also by the definition of A, 1 > 0,y; > 0,22 > 0,92 > 0. This implies that x1 + x2 >
0,y1 + y2 > 0. (See Figure 2).

Hence A is closed wrt vector addition.

Is A closed wrt scalar multiplication?
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Take any vector (z,y) from A, and any scalar ¢ from R. Then ¢(z,y) = (cz, cy). This is in A if
and only if cx,cy € R, and cx > 0,cy > 0.

e By the definition of A, z,y € R. This implies that cx,cy € R (product of two real numbers
is real).

e Also by the definition of A, x > 0,y > 0. If ¢ > 0, then cx > 0, cy > 0. However, if ¢ < 0,
cx <0, cy < 0. In particular, for any z,y # 0 and ¢ < 0, ¢(x, y) is not in A. For example,
ifc=—1,and b € A, butb # (0,0), cb is in the third quadrant.

Hence A is not closed wrt scalar multiplication.

Hence A is not a vector space.

S Subspaces

Definition A subset A of vector space V is a subspace of V if it is closed wrt vector addition and
scalar multiplication.

Examples: The x and y axes are subspaces of R? as is any straight line passing through the origin.

Example 2: Consider a straight line:
A ={b=(z,y)ly=mz+c}

where m and c are real constants.

ch,

ch,
b,+b,

b,+b b,

Figure 3: A straight line is a subspace of R? if and only if it passes through the origin
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Consider any two vectors in A: b; = (z1,y1) and be = (2, y2). Then by +be = (21422, y1+y2).
Is by + by in A? For this, we need to determine if by + bs is on the line, that is if

y1 +y2 =m(x1 +x2) + ¢ (1)
We know that y; = mx1 + c and yo = mxy + c¢. Hence
y1 + y2 = m(x1 + x2) + 2¢ 2)

Equation (2) is equation (1) if and only if ¢ = 0. That is, A is closed under vector addition if and
only if ¢ = 0, i.e. the line passes through the origin. (See Figure 3).

Now consider scalar multiplication. Let « € R. Letb = (x,y) € V. Then ab = (ax, ay). This
isin A if
ay = amx + ¢ 3)
In this case,
Yy=mz+c=ay =amz+ac @
Equation (4) is equation (3) if and only if ¢ = 0. That is, A is closed under vector addition if and

only if ¢ = 0, i.e. the line passes through the origin. (See Figure 3).

Hence any straight line through the origin is a subspace of R?, but a straight line not through the
origin is not.

6 Exercises

1. Consider the union of the first and third quadrants in two-dimensional euclidean space over the
field of real numbers, R.

A={b=(z,y)lr,y € R,z >0,y >0} U{b= (z,y)z,y € R,z <0,y <0}

Is A closed wrt vector addition? Is it closed under scalar multiplication? Is it a vector space?

2. Is the set of integers, Z, a vector space over R?



Vector Spaces/Vora/GWU 7

Solutions

1. Consider the union of the first and third quadrants in two-dimensional euclidean space over the
field of real numbers, R.

A ={b=(z,y)lr,y € R,z >0,y >0} U{b= (2,y)z,y € R,z <0,y <0}

Is A closed wrt vector addition? Is it closed under scalar multiplication? Is it a vector space?
Answer: Is A closed wrt vector addition?

Take any two vectors from A, (x1,y;) and (x2,y2). Their sum is (x1 + z2,y1 + y2). Thisisin A
if and only if

(@) x1 +x2,y1 +y2 € R, and

®)z1+22 20,51 +y2 2 00R 21 + 22 < 0,91 +y2 <0

By the definition of A, x1,y1,x2,y2 € R. This implies that 1 + 22,91 +y2 € R.
Also by the definition of A,

eitherx1 > 0,91 > 0OR z1 <0,y1 <0,

and

either o > 0,90 > 0 OR x5 < 0,92 < 0.

We cannot say that z; + z2 > 0,41 + y2 > 0. For example, if (z1,y1) = (2,3) and (x2,y2) =
(—3,—2), their sum is (—1, 1) is not in A.

Hence A is not closed wrt vector addition.
Is A closed wrt scalar multiplication?

Take any vector (z,y) from A, and any scalar ¢ from R. Then ¢(z,y) = (cz, cy). This is in A if
and only if cx,cy € R, and eithercz > 0,cy > 0O0R cx < 0,cy < 0.

By the definition of A, x,y € R. This implies that cx,cy € R (product of two real numbers is
real).

Also by the definition of A, either
(@)x >0,y > 00R
(b)z <0,y <O0.

For (a), if ¢ > 0, then cx > 0,cy > 0, and ¢(z,y) € A. If ¢ < 0, then cz < 0,cy < 0, and
c(xz,y) € A.

For (b), if ¢ > 0, then cx < 0,cy < 0, and ¢(x,y) € A. Ifc <0, then cx > 0,cy > 0, and
c(z,y) € A.

Hence A is closed wrt scalar multiplication.
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Hence A is not a vector space.

Recall the example of section 3 that was not a vector space: the set consisting of only the first
quadrant. It was not closed under scalar multiplication, though it was closed wrt vector addition.
By adding the third quadrant, we were able to construct a set closed under scalar multiplication, but
now the set is not closed under vector addition.

2. Is the set of integers, Z, a vector space over R?

Answer: Consider any two elements of Z. Their sum is also an integer, hence the sum of two vectors
is also in the set, hence it is closed wrt vector addition.

Consider a scalar c. Multiplying it with any member of the set does not necessarily give an integer
because ¢ may not be an integer (for example, ¢ = %). Hence the set is not closed wrt scalar
multiplication.

Hence Z is not a vector space over R.



