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1 Motivation for the Definition of Complex Numbers

Suppose you wished to be able to count objects. You would start with the notion of one object, and
then add another and so on. That is, you would want a set of numbers that contains the humber
and is closed with respect to addition. This is the setaifiral numbers

N =1{1,2,3,..}
Notice thatV, is also closed under both addition and multiplication. That is,
reNandye N =zyeNandr+yeN

However, the converse is not true. Thatiss A and y € N does not imply that —y € N.

Example 1Which of the following result in natural numbers?- 3; 10 — 20; 7 — 1; 29 — 307?

5 —3 = 2is anatural numbei0 — 20 = —10isnot;7 —1 =61is;29 — 30 = —1 is not.

If, in addition to adding objects, you wish to also take away objects from an existing set, you need
a set of numbers that includd$ and is closed under subtraction. The smallest such set is the set of
integers

7={.,-2,-1,0,1,2,3,...}

7 is also said to be thelosureof N under subtraction. The integers allow us to add and subtract
objects, as well as to compare values — such as elevations and temperatures — with a predetermined
zero value. However, just a§" is not closed under subtractiof,is not closed under division:

x €Zandy € L,y # 0 does notimply thag S

Example 2: Which of the following result in integers?— 2; 4 — 5; g; %; 1—120?

3—2=1lisaninteger;asaret— 5= —1; 2 = 5; =10 = 5. 3 is not an integer.
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The closure off under division (except by zero) is the setrafional numbers
p
Q:{g ‘pvqa€I7Q#0}

The rational numbers allow us to share objects into equal parts such that each part is not necessarily
a whole. For example, 3 apples among 2 children.

1.1 Some properties ofQ

Now we see tha@ satisfies the following properties with respect to both addition and multiplication.
Let o represent either addition or multiplication. Then:

1. Closure under operationif z,y € Q,zoy € Q.

2. ldentity: There is an element, called the identity,such thato e = x V z. For addition,
e = 0, and for multiplicatione = 1.

3. Inverse:V = exceptz = 0 wheno is multiplication,3 Inv(x) such that: o Inv(x) = e. For
addition, Inv(z) = —x, and for multiplicationnv(x) = 1.

4. Closure under inverseQ is closed under the inverse operation whésaddition, and2\ {0}
is closed under the inverse operation wheis multiplication. (Here\ denotes set subtrac-
tion.)

Q is, however, not closed with respect to square roots. Thafis; y € Q does not imply that
x € Q. A physical implication of this is that all squares with rational values of area do not have
rational values for side lengths.

For example, the square root®tannot be written in the forr@ for integersp andq. Yet, one can
see that/2 should lie between (the positive square root aj and2 (the positive square root dj),
and it physically represents the side of a square of area

Example 3: Which of the following equations have at least one rational solution?
?+1=022-4=0,22-3%=0,22-2=0.

2?2 — 4 = 0 has rational solutions = 2 andz = —2; 22 — 1% = 0 has rational solutions = % and
x = _73. The other two equations do not have any rational solutions.

The set of numbers represented by the number line, the real nufRbemtains the square roots

of all the natural (and positive rational) numbers. Thus, in particular, it contains all solutions to
equations of the form? — a = 0 wherea € Q anda > 0. R does not, however, contain any
solutions to the equatiar® — 2 = 0, or toz? + 1 = 0. While the motivation for studying the roots

of such equations is not as obvious as the motivation for studying, say, the rational numbers, we will
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see that these roots are, indeed, important, when we study the mathematics required for processing
audio and video.

Example 4: Which of the following equations have at least one real solution?
2’ +1=022-4=0,2>—- % =0,22-2=0.

All exceptz? +1 = 0.

1.2 Complex Numbers

It has been shown that the set of complex numbers,
C={z+iy|zy R, andi®* +1 =0}

contains the roots of all polynomials with real or complex coefficients.thereal partof complex
numberz = z + iy, andy theimaginary part They are denote®e(z) andIm(z) respectively.

The numberiy is imaginary, while x is real. Wheny = 0, the complex number is a real number,
thatis,R C C. C is represented by the plane, and the complex numberiy corresponds to the
point (z, y) in this plane (see Figure 1). In this plane, the number line, a common representation of
R, corresponds to the axis.

Figure 1: The complex number 10 + 5i on the complex plane

2 Operations on Complex Numbers

All operations on complex numbers are as those on real numbers, with the added condition that
2
¢ = —1.
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Equality: (21 + iy1) = (z2 + iy2) = 1 = z2 and y1 = Y
Addition: (z1 + iy1) + (22 + iy2) = (z1 + 22) +i(y1 + y2)

Subtraction:(z; + iy1) — (z2 +iy2) = (1 — z2) + i(y1 — y2)

R

Multiplication: (z1 +iy1) X (z2 +1iy2) = 2172 +iy172 +iT1y2 +2Y1y2 = (T122 — Y1y2) +
i(y1z2 + z1Y2)

Division is slightly more complicated. A small trick helps. Notice that-iy) x (z —iy) = 2%+ 1>
is real. In fact, it is thenagnitudeof = + iy, andz — iy is thecomplex conjugatef x + iy. Now,

zitiy (w1 t+iyn) X (w2 —igp) _ Tixa+yiy2 | y1T2 — 1y

w2 +iys (w2 +iye) X (v2 —dy2) 23+ 3 ¥3 +v3
Themultiplicative inversemay be similarly determined. Do in class.

Example 5:

A. Determine the following

1. (24 3i) + (5 — 4i)
2. (3+14)—(2—1)
3. (5—6i) x (3 — 20)
4. (1+5i)~1

5. i1

6. 3t

B. Determine the roots of the quadratic equatidn- 2z + 2 = 0.

Answers:
A.
1. (2+43)+(B—4i)=2+5) +B—-4)i=7—i
2.3+ —(2-))=0B-2)+i(1——-1)=1+2i
3. (5—6i) x (3—2i) = (5x3—(=6) x (—2)) + ((—6) x 3+ 5 x (—2)) = 3 — 28i
4. (1450)7" = 4755 = 52
5.i !t = gy = —i
6. % - 4x3—{1x(—(—U)éjjr(l{;lx(—(—1))}+lx3) _ 111—0(—)72‘

B.a?+2r+3=0= =22 _4x3 — 14 /3
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3 Polar Representation

Some operations are not as easy to do in the Cartesian or Argand representation of complex numbers
(i.e., using theirr andy coordinates). It is easier, instead, to represent the complex number in terms

of its magnitudeand phase argumentor angle as shown in the diagram. The magnitude is the
distance of the poiiit, ) from the origin, and the angle is the angle made by the line joining the
origin to the point with ther-axis in the anti-clockwise direction. #fis the magnitude and the

angle, then:

ro= VTP
0 = tan (%)
x = rCosh
y = rSind

The complex number is representeth or re'’. See Figure 2

_Ir}-"
1 10+ 5i
] Jr;.«l‘:“
g=tartiisl
5 {0 #

Figure 2: The complex number 10 + 5i in polar form

Example 6:

a. Find the polar representation of the complex numberi.

b. Find the cartesian representation of the complex number whose magnifdaisangle30°.
c. Find the polar representationslof- 7,1 — 4, —1 +4, —1 — 4.

d. Find the polar representationsB + i, v/3 — i, —v/3 + i, —/3 — 1.

Answers:

ar=+v12+12=+2

0 = tan~'(}) = tan"'(1) = 45° = Z radians. Hence, + i = v/2/45° or v/2/Z°. Also denoted
V2e'%,

b.2e's = 2/2¢ = 2Cos(Z%) + i2Sin(%) = V3 +1

C. V2e'T, \/2e=IE, \/2e1 T, /260 T
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d. 2el%, 261'%, Qei%, Zei%r.

3.1 Multiplication

Recall that
(1 +iy1) x (w2 +iy2) = (122 — y1y2) + i(y122 + T1Y2)

If 21 + iy1 = r1e?1, andxy + iyp = r0€'?2, then

rie x roe® = (21 +iy1) x (z2 + iy2)

r1r2(Cosh Cosbly — Sinb1Sinbs) + irira(Sinf1Coshy + CosbhiSinbs)
r1r2C0s(01 + 02) + ir1raSin(6y + 02)

01+62)

rlrgei(

That s, the product of two complex numbers results in a complex humber with magnitude the prod-
uct of the two magnitudes, and angle the sum of the two angles.

Example 7: Using the results of Example 6, find the polar representation of the product of the two
numbersl + i andv/3 + 1. What is the cartesian representation?

Answer: From Example 6, we know that i = v/2¢°7, andv/3 + i = 2¢°5. Hence

(141) x (V341i) =2v2e' s = (vV3—1) +i(vV3+1)

3.2 Complex Conjugation and Inverse

Theorem: The inverse of a complex numbef is 2e=%.

Proof: Letz = re®. Denote its inverse by = /¢’ for some as yet undeterminetiand¢’,
which we will now determine. Then:

Z2xzl=1=1x¢e>° 1)

Recall the result proved earlier in class:

1% x roet®? = pypyei1t02)

Applying this result to the LHS of (1), we get:

-1 1 _i6’

: i
2 x 27 =re? x r'e? = pp/ 010

And the above is equal to the RHS of(1), hence:

. , .
TT/61(9+9) — 1 % elXO
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Equating magnitudes and angles of the complex numbers on the LHS and the RHS, we get:

1
rr =1=71r=-
r

and
0+60 =0=0 =-0

This completes the proof.

Theoremf X = ret?, show thatX* = re=%

Example 8: What is the polar representation®§/3 4- 2? Hence, what is the polar representation

of its inverse? Its complex conjugate? What are their cartesian representations?
Answer:r = /22 x 3+4 = /16 = 4. tanf = % and point in the first quadrant, henge- 7.
The polar representation 8f/3 + 2 is 4¢’s. The polar representation of its inverse}lks%”, and

that of its conjugate4e%m. Their cartesian representations a@: — % and2+/3 + 2 respectively.

3.3 Powers

Now that we can multiply two complex numbers given their polar representations, we can multiply
a number with itself, that is, we can determine the square of a complex number; it is simply another
complex number whose magnitude is the square of the original magnitude, and whose angle is twice
the angle of the original. Similarly, we can compute any power of a complex number, by induction.

Theorem:(re??)™ = "™ for n > 0, n a natural number
Proof by induction.
Base Case: The proposition is trivially true for n=0.

Suppose the statement is true for all values of k£ — 1. We now prove that this implies it is true
forn =k:

The proposition is true for = k£ — 1. Hence,

(Tezﬂ)k—l _ rk—lei(k—l)e
= (Teie)k _ Tk—lei(k;—l)G « ret?
_ pkgi(k)e

where the last equality follows from the result thatt x roe?®2 = rreei®+92)  Hence the
proposition is true forn = k. Hence the proposition is true for all finite natural numbersThis
completes the proof.

Example 9: What is the value of1 + i/3)%? (1 + i1/3)6?
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Answer:

14+iV3 = 23 polar representation

4an

= (1+iV3)* = (2)%'3

14+4iV3 = 23
= (14iV3)% = (2)%°

3.4 nthroots of ret?

Let z = ¢ be ann'® root of rei?. Then
SN — (T/eiO’)n _ Tei@
=" = r
andnf’ = 60+ m(2n)

=) = rn
0 2

and 0 = 7+m—7rm:0,1,...,n71
n n

Example 10: What are the fifth roots of complex numbe#- i/3?

Answer:

P =1+4+iV3 = 23 polar representation

8w 1 g4r 1 2w
15 725(3 15,256 3

1, 1 ;i 1 4
= 25¢ 157253 15725@

3.5 n'" roots of unity (the number 1)

We can determine the'" roots of1 as we would the:” roots of any other complex number: Let
z = 1'¢? be ann'™ root of 1. Then

SN — (T/eiH’)n - 1= 1ei0
=" =1
andnf’ = m(2m)

=) =1
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2
and § = m—7T m=20,1,...n—1
n
B 02l4i (n—1)27
- 7n7n7"' n

Example 11: What are the eighth roots of unity?

Answer:

2=1 = 1x¢? polar representation

. 2 .
=2 = 1xe™MT =1xeXMi

iy s - 37 . - 5T 37 T
L R P 2 S 2 LY S A0S
= 1l,e'4,e'2,e"4 e, e"4,e"2 e

Note that among the eighth roots of unity are, —1, —i.

4 Regions on the Argand Diagram

One can use the Argand diagram to denote valueslodt satisfy given equalities and inequalities.
See Figures 3 and 4. Figure 3 should be clear. The four inequalities in Figure 4 may be worked
through as follows:

1< Re(4z) < 3
Suppose = x + iy.

1 < Re(4z) < 3

= 1< Re(4z + 4iy) < 3
=1<4x < 3

Sicr <3

4 4

1 < Magnitude(z?) < 2

Suppose = re'?,

1 < Magnitude(z?) < 2
= 1 < Magnitude(r?e’®) < 2
=1<r® < 2

=1<3 < V2

0 < Argument(z%) <

wola
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Supposer = re'?,

0 < Argument(z®)

= 0 < Argument(r

= 0 < 30+ m(2m)

=0<0

2w
= -m— <40
"3
2r 4w
OR—- —=—+<
3 3
4r 2T
OR—- —=—+<
3 3

Magnitude(z +3 — 3i) =1

Suppose = x + iy.

Magnitude(z + 3 — 3i) =
= Magnitude(z + 3 + (y — 3)1)
= (z+3)°+ (y — 3)?

is a circle with center at—3, 2).

3ei39)

10

T
2
T
2
s
2
2
%—mgmzo,lﬂ
Y
s =0
5(m="0)
™ T
=9 =1
—7725%(771:2)
1
-1
= 12=1
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Refz) =-2 0 = Argumeniz) = 72

Figure 3: Some inequalities

11
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Figure 4: Some inequalities and equalities



