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CSCI 124 - Discrete Structures II - Fall 2010
George Washington University

Homework 1 Solutions

1 (10 points total; 5 points each) Show that, if a,b, c € Z such that a|b and b|c, then (i) na|nc ¥n € Z and
(ii) a*|c* for every positive integer k.

Solution: Divisibility is transitive, as shown in class. That is, if a|b and b|c, then a|c. Further, (i)

alc = 3Im € Z s.t. ¢ = ma = nc =nma = m(na) = nalnc

(i)
ale = dm s.t.c=ma

= & =mFd* =nd® for some integer n

= a®|ck

2 (20 points) Show that, if a, b, ¢,d € Z such that a = b (mod m) and ¢ = d (mod m), then (i) na = nb (mod m)
Vn € Z (i) a* = b* (mod m) for every positive integer k and (iii) n(a — ¢)* = n(b — d)* (mod m) ¥n € Z
and for every positive integer k.
Solution:
(i) (6 points) Let n € Z and a,b € Z such that a = b (mod m). Then
a=b(modm) = 3Fje€Zst b=a+jm
= nb=n(a+jm)=na+njm

= nb=na+m(..)

where the term in the parenthesis is an integer. Hence nb = na (mod m).

Alternate solution. Use the fact proven in class that, if a = b (mod m), and ¢ = d (mod m), then a + ¢ =

b+ d (mod m). Use induction on the multiplier, n.
Basis: Given that a = b mod n. Hence statement na = nb (mod m) true for n = 1.
Inductive step: Suppose true for n = k. Need show true for n = k 4+ 1. That is, suppose kb = ka (mod m).
Then, using the fact that, if ¢ = ka and d = kb,
ka+a (mod m) = kb+b (mod m) = (k+ 1)a (mod m) = (k+ 1)b (mod m)
(ii) (6 points)

a=b(modm) = 3Ine€Zst b=a+nm
k
= b= (a+nm)k=d"+ Z "Ciaf (nm)!
i=1
= =d" +m(.)
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where the term in the parenthesis is an integer. Hence b* = a* (mod m).

Alternate solution. Use the fact proven in class that, if @ = b (mod m), and ¢ = d (mod m), then ac =

bd (mod m). Use induction on the power, k.
Basis: Given that a = b mod n. Hence formula true for k£ = 1.

Inductive step: Suppose true for k = n. Need show true for k = n + 1. That is, suppose b* = a* (mod m).
Then, using the fact that, if ¢ = a* and d = b,

a® x a (mod m) = bF x b (mod m) = a**1 (mod m) = b**1 (mod m)

(iii) (8 points) Can show using a = b+ gm etc., but will get tedious. Full credit for correctly using this

approach. Better approach (give one point extra credit):

Using the fact proven in class that, ¢ = d mod m and © = y mod m = xc = yd mod m, using v =y = —1
gives —c = —d mod m = —c = —d mod m. Further using the fact shown in class that u = v mod m
and =y mod m = v+ u = v+y mod m gives us a —c = b — d mod m. Using (ii) shown above,

(a —¢)* = (b — d)* mod m. Finally, using (i) shown above: n(a — ¢)¥ = n(b — d)* mod m.

3 (10 points) Suppose m,n are positive integers such that m|n and m # n. Further, consider a fixed ¢ € Z
such that 0 < ¢ < m. Suppose y € Z such that 0 <y < n and y = ¢ (mod m). What are all possible values
of y?

Solution: m|n = ¢ € Z s.t n = gm. m,n positive integers and m # n = ¢ > 1.

y=cmodm=y=c+q¢m for someq €7

0<y=0<c+qgdm=—c<qgm

As c < m,
= -m< —c<gdm=>-m<¢dm=-1<q¢=q¢>0

y<n=c+g¢dm<n=c+qgm<qgm

=y=cct+mc+2m,...,c+(g—1)m

y can take on any of the above ¢ = = values.

4. (10 points) Consider the set G = {0, 1,2, ...,m—1}. Let ¢ € Z. Let ¢ be the operation acb = a+b+c mod m,
defined for all a,b € G. Is (G,¢) a group? Why or why not?

Solution: First, we have shown in class that the above is a group if ¢ = 0. Hence we now examine the case
when ¢ # 0.

We check if (G, ©) satisfies the four properties of a group.
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1. Closure: Closure requires: a,b € G = aob € G.

As a,b € Z,, and a ¢ b also defined as being in Z,, (which contains all the remainders possible on

division by m), G is closed under the operation .

2. Associativity: Requires that z o (yoz) = (xoy) o 2.
We check this:

LHS : zo(yoz)

x o ((y+ z+ ¢) mod m)

(x+ ((y + z + ¢) mod m) + ¢) mod m
= r4+y+ 2+ 2c modm

RHS : (xoy)oz
= ((x +y+c) mod m)oz
= ((z+y+c) modm)+ z+c) mod m
= T+ y+ 2+ 2c mod m

Thus the operation is associative.

3. Identity: Requires e € G such that, Ve € G, zoe=eox = x.
As ¢ # 0, e = m — ¢ satisfies the above, is the identity and belongs to G. Hence the identity exists in
G.

4. Inverse: Requires that, Vx € G 3% € G such that x0T =T ox =e.

We need to find # such that z +Z + ¢ mod m = m — c mod m. Let ¢/ = ¢ rem m. We see that
T=m—-2—zife<m-2d;z2=2m—)—zif2(m—c)>z>m-—2d and T =3m — 2¢ —z if
x>2(m—c).

Thus (G, ¢) satisfies all four properties of a group, and is a group.

5. (15 points) Let R = R™T, the set of positive real numbers. Let & be an operation on R, defined by
a®b=ab for all a,b € R. Let a ® b = a'9’. Is (R,®,®) a ring? Why or why not?

Solution: We check if (R, ®,®) has all the properties of a ring.

1. We first check if (R, ®) satisfies the four properties of a group.

(a) Closure: Closure requires: a,b€ R = a®b e R.

a,b € RT = ab € RT (product of two positive real numbers is also a positive real number). Hence

R is closed under the operation &.
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(b) Associativity: Requires that a ® (b&c) = (a ® b) & c.
We check this:
LHS: a® (b®c)
= a® be

= abe

RHS: (a®b)®c
= ab® ¢

= abe

Thus the operation @ is associative.

(c) Identity: Requires e € R such that, Ve e R, x Pe=e@z ==.
e = 1 satisfies the above, and is the identity. Hence the identity with respect to operation @ exists
in R.

(d) Inverse: Requires that, Vo € R 37 € R such that t @z =T ®z =e.

True if T = % The inverse of a positive real number is also a positive real number. Thus all

elements in R have inverses, with respect to operation ¢, in R.
Thus (R, @) satisfies all four properties of a group, and is a group.
2. The operation & is commutative. That is a ®b=ab=ba =b® a.

3. We check if R is closed with respect to ®. Suppose a,b € R. Then a ® b = a'°92® which is a positive

real number. Hence R is closed with respect to ©.

4. We check if ® is associative. That is, is: a ® (b® ¢) = (a ® b) ® ¢. To do so, we first observe the

following:
0O y = xloggy _ (2loggm)log2y _ 2loggm><loggy

and hence that ® is commutative. Now to see if a ® (b ®¢) = (a ® b) © c.

LHS : a®(boc)
— a® bloggc
— a® 2log2b><loggc
_ alOngXlOgQC

2log2a><log2b><loggc

RHS : (a®@b)Oc
2log2a><log2b Oc

2logza><logzb><logzc

Thus ® is associative
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5. Finally, we check if ® is distributive over &. That is, we check if
(8) a@(b@c) = (@O b) & (o)

LHS : a® (b e)
a® be

— alogz (be)
_ aloggb—i—loggc

— 9logza(logzbtlogzc)

RHS : (a@b)®(a®c)

2logg alogab X 2logg alogac
— 2log2alogzb+log2alogzc

— QZogga(logzb—i-loggc)

= LHS
(b) Check if (a®b)©c=(a®c)® (o)
LHS : (a®b)Oc
— (ab)logzc

(2log2ab)loggc

2(l092 a+logab)logac

RHS : (a®ec)@d (bec)
_ alogzc % bloggc
QIoggaloggc X 2loggbloggc
_ 2log2aloggc+l0g2blogzc

_ 2(log2a+log2b)loggc

= LHS
1-5 demonstrate that (R, ®,®) has all the properties of a ring, and is a ring.
6. (10 points) Show that, if a is an odd integer, a®> = 1 (mod 8).
Solution: a is odd. Hence, 3¢ € Z such that a = 2q + 1.
a>=(2¢+ 1) =4¢* +4g+1=4q(g+1) +1
If ¢ is even, then Im € Z such that ¢ = 2m. Then:
a® =4q(¢g+1)+1=8m(qg+1)+1=1mod 8

Because m(q + 1) € Z (as Z is closed wrt addition and multiplication) implies that 8|(a? — 1).
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If ¢ is odd, 3m € Z such that ¢ = 2m + 1. Then:
a® =4q(g+ 1) +1=42m+1)2m+2) +1=82m+ 1)(m+1)+1 =1 mod 8

Because (2m + 1)(m + 1) € Z (as Z is closed wrt addition and multiplication) implies that 8|(a? — 1).

7. (15 points) Use mathematical induction and results shown in class to prove that, if a1, a9, ...,a, € Z,

b1,b2,...,b, € Z and m a positive integer, and, further, that a; = b; V 1,

(8) Y0y ai = Y0, by (mod m)

Solution: We will show the above by induction.

Base Case: It is given that a; = by mod m. Hence the above is true for n = 1.

Inductive step: Suppose the above is true for n = k. We will show that it is true for n = k£ + 1.

Proof: Suppose that
k k

Zai = Zbi (mod m)

i=1 i=1
Denote a = Zle a;, b= Zle b;, ¢ = ag+1 and d = bgy1. Then, by the inductive hypothesis, a = b mod m
and we are given that ¢ = d mod m. We showed in class that this implies that a +c¢ = b+ d mod m. That is,

z:a2 + agy1 = Zb + bk41 (mod m) Zal Zn:bi (mod m)
i=1

i=1

Thus we have shown the result by mathematical induction.

(b) [Ti=y @i = [Ti=y bi (mod m)

Solution: We will show the above by induction.

Base Case: It is given that a; = by mod m. Hence the above is true for n = 1.

Inductive step: Suppose the above is true for n = k. We will show that it is true for n = k + 1.

Proof: Suppose that
k k

Hai = Hbi (mod m)

i=1 i=1
Denote a = Hle a;, b= Hle b;, ¢ = ap+1 and d = bi41. Then, by the inductive hypothesis, a = b mod m

and we are given that ¢ = d mod m. We showed in class that this implies that ac = bd mod m. That is,

n n

E k
(H a;)agsr1 = (H bi)bgr1 (mod m) = Hai = Hbi (mod m)
i=1 i=1 ;
Thus we have shown the result by mathematical induction.

8 (12 points). Show the following formally:
a. The sum of an even integer and an odd integer is odd.

Solution: Let x be an even integer and y an odd integer. Then 3¢,, ¢, € Z such that x = 2¢, and y = 2¢, +1.

T4y =2¢ +2q,+1=2(q +qy) +1
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Let m = g, + gy. Then m € Z because Z is closed wrt addition. Hence z +y = 2m + 1 is odd.

b. The product of an even integer and an odd integer is even.

Solution: Let  be an even integer and y an odd integer. Then Jg,, gy € Z such that z = 2¢, and y = 2¢, +1.

xy = (2¢2)(2qy + 1) = 2(¢z)(2gy + 1)

Let m = (¢2)(2gy + 1). Then m € Z because Z is closed wrt addition and multiplication. Hence zy = 2m is

even.

¢. The square of an integer is odd if and only if it is odd.

Solution: Let x € Z. Need to show that

2% is odd < x is odd

First we will show that:

2% is odd = x is odd

Proof. We will show this by showing that z is even is not possible. Suppose z is even. Then x = 2¢ for some

q € 7. 2% = 4¢® = 2(2¢?) is also even because ¢? € Z. Thus, if z is even, so is 22, hence x must be odd.

Next we will show that

x is odd = x% is odd

Proof. Suppose z is odd. 3¢ € Z such that x = 2¢ + 1. Then 2? = 4¢%> + 2¢ + 1 = 2(2¢®> + q) + 1. Because Z
is closed wrt addition and multiplication, 2¢® + ¢ € Z and 22 is odd.

Thus 2?2 is odd if and only if « is odd.



