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ABSTRACT 
Most aircraft wings are optimized to produce minimum drag under one particular flying speed, while the flying speed 
actually varies continuously throughout flight. Although conventional hinged mechanisms can change the wing shape in 
response to the change in flying speed, the connecting hinges create discontinuities over the wing surface, leading to 
earlier airflow separation. In this paper, we propose a systematic approach to synthesize compliant mechanisms that can 
deform an initial curve into a target shape with a smooth boundary. As opposed to the two-step synthesis that separates 
the interrelated topology and dimensional aspects of a compliant mechanism, we propose an optimization model using a 
mixed-variable formulation that addresses both aspects simultaneously. The effectiveness of the shape change is 
evaluated using Fourier Descriptors (FDs), which capture the pure ‘shape’ differences between curves. Due to the 
discrete nature in the design variables, a Genetic Algorithm (GA) is employed to find the optimal solution. The 
preliminary results demonstrate the feasibility of simultaneously addressing the topology and dimensional aspects. They 
also indicate that the reference shape used for curve description can significantly affect the optimal solutions. This 
suggests that a more refined objective function is necessary to improve the effectiveness of the results. 
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1. INTRODUCTION 
Most aircraft wings are optimized to produce minimum drag under a particular flying speed, at which the largest 
proportion of fuel is expended. However, in reality, flying speed varies continuously throughout flight. Hence, to obtain 
optimal fuel efficiency, the wing shape should be able to change in response to the change in flying speed. Conventional 
hinged mechanisms create discontinuities over the wing surface, leading to early airflow separation16. This separation, in 
turn, creates more drag and reduces fuel efficiency. A smooth hinge-less shape change, therefore, could potentially 
improve the aerodynamics and hence the fuel efficiency. 
 
Currently, the use of smart material actuators1,2,3,4,5 and the use of compliant mechanisms6 are two common solutions for 
achieving a smooth shape change. Smart material actuators produce displacements and forces when exposed to external 
energy fields, such as electricity input or heat. Despite the advantages of these actuators, the scalability of the solutions 
they provide is still questionable. Unlike conventional rigid-link mechanisms, compliant mechanisms are one-piece 
flexible structures, which exploit the inherent mechanical deformation of materials. As opposed to smart material 
actuators, compliant mechanisms offer significant advantages in that they are scalable, ranging from micro-scale to large 
scale. 
 
There are two major systematic approaches in compliant mechanism synthesis: one uses a kinematics approach7,8, while 
the other uses a structural optimization approach9,10,11,12. The kinematics approach results in locally deforming flexural 
joints, which can be susceptible to high stress concentrations. As opposed to the localized deformation, the structural 
optimization approach creates compliant mechanisms with more evenly distributed deformation fields. Although past 
research on a systematic approach to design such shape-changing structures reported successful results13 using this 
approach, it does not have a realistic enough measure of whether the desired shape change is achieved. In addition, the 
interrelated topology and dimensional aspects are, however, addressed in two separate steps. 
 
Most compliant mechanism design relies on a two-step synthesis approach that separates the topology and dimensional 
aspects of a compliant mechanism. Consider a one-piece elastic body with interior holes. The topology can be defined as 
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the number of holes inside the exterior boundary, and the dimensions would be the size of these holes. Two compliant 
grippers are shown in Figure 1 and Figure 2 to illustrate the topology and dimensional aspects of a compliant 
mechanism. As can be seen, the grippers have the same topology but different dimensions. The topology ensures the 
direction of the motion at the output point (a qualitative aspect); the dimensions, on the other hand, determine the 
magnitude of this motion (a quantitative aspect). The topology normally serves as the input for the dimensional 
synthesis, which simply refines the compliant mechanism performance. Typical topology synthesis involves discretizing 
the design domain into small elements. The topology can be changed by mere inclusion or elimination of elements. 
Previous research used a filtering scheme to eliminate elements whose values are below a specified threshold9,10,11,12. It 
was assumed that the elements with small values are negligible. However, the elimination decision becomes ambiguous 
when the elements have intermediate values (gray area). This ambiguity introduces potential errors into the topology, 
and the errors, in turn, can be carried into the dimensional synthesis step if further refinement is performed. 
 

 

Figure 1: A compliant gripper from the topology 
synthesis12. 

 

 

Figure 2: A compliant gripper with the same topology 
as in Figure 1, but with optimized dimensions12. 

The objective of this paper is to develop a generalized scheme to synthesize compliant mechanisms that can deform an 
initial curve into the desired target curve shape in the same plane with minimum error. This approach should be able to 
(1) create compliant mechanisms with a smooth curve shape, (2) simultaneously determine the topology and dimensions 
of the compliant mechanism, and (3) determine if the desired shape change is achieved. Although the current work only 
focuses on changing from an initial shape to one target shape, changing through a set of different shapes could 
potentially be investigated by expanding the proposed method. The proposed synthesis approach will be described in the 
next section, followed by the preliminary results and discussions. 
 

2. METHODOLOGY 
The proposed approach in this paper uses the concept of compliant mechanism with distributed compliance (structural 
optimization approach). It is assumed that the external boundary of the resulting compliant mechanism can deform from 
the initial curve to the target shape when input actuation is applied. There are two commonly used schemes for the initial 
discretization in the topology synthesis: the use of homogenization method9,14,15 and the use of an initial beam/truss 
element network10,11,12. Previous research indicated that the homogenization approach, in some cases, created flexure-
like joints, which is undesirable for a smooth curve shape16. The initial element network scheme, on the other hand, has 
the advantage of creating a more smoothly changing element cross sections, which implies a smooth deformed shape. 
Thus, the proposed approach uses the element network scheme to discretize the design domain. Specifically, beam 
element network is preferred over truss elements, because the structural deformations mainly come from the element 
bending in a compliant mechanism. 
 
As can be seen from the flowchart in Figure 3, the proposed approach includes 3 major components: (a) the embedded 
finite element analysis that solves for the structural deformation, (b) the curve comparison algorithm that measures the 
deviation between the deformed and target curves, and (c) the overall optimization problem that simultaneously searches 
for the optimal topology and dimensions. These components will be introduced separately in the following sections. 
 



 

Figure 3: Flowchart for the proposed synthesis procedure. There are three major components in the proposed synthesis 
approach, including (a) the embedded FEA, (b) the curve comparison algorithm, and (c) the overall optimization problem. 

 
2.1 Discretization of the design domain 
We begin this systematic synthesis approach with problem specifications, such as the initial curve shape, desired target 
curve shape, preferred location of the actuator (input displacement/force), external loading, material properties, and 
overall space constraints. As shown in Figure 4, the design domain is first defined by the given initial curve shape, the 
input location, and the boundary conditions. It is then discretized by an initial beam element network, which is specified 
by the designer. Figure 5 shows an example of the discretization network, but various network configurations can also be 
investigated to explore different design space. The external load takes into account single or multiple point loads, but 
distributed load is not yet included. As for the geometry information, uniform rectangular beams are used in this work. 
The out-of-plane beam width is pre-specified as a fixed value in this approach, while the in-plane beam heights serve as 
the design variables in the overall optimization problem. The beam heights are determined from the optimization 
algorithm, which will be introduced in section 2.3. The structural deformation can then be solved using a finite element 
analysis with 2-dimensional linear frame model. 
 



 

Figure 4: Required input information for the proposed synthesis scheme, including initial curve, target curve, input 
displacement/force, external loads, and boundary conditions. 

 

 

Figure 5: An example of the initial design domain discretization using a beam element network. Various alternative 
discretization configurations can also be further investigated. 

 



2.2 Evaluation of the deformed shape 
To evaluate if the deformed curve achieves the target curve properly, it is important to define a criteria that measures the 
differences between these two curves. The curves should first be described using proper curve representation method, so 
as to facilitate the comparison process. The representation method should be able to capture the difference in ‘shape’. 
Previous research used the least square error (LSE) to compare two curves13. LSE is defined as the sum of squares of 
position differences of various points along the curves. The curve representation, in this case, is the locations of the 
curve points, however, they do not realistically capture the ‘shape’ information. As a result, LSE fails to identify two 
identical curves placed in different locations or scaled differently. Therefore, it is essential to adopt a shape 
representation method that describes the pure shape without mixing in position-related information, and to employ a 
curve comparison scheme that addresses important features on a shape. 
 
Curve representation and description have been extensively investigated in the pattern recognition and shape analysis 
fields. Among the various curve description methods that have been developed and investigated, Fourier Descriptors 
(FDs) refer to a class of methods that has superior invariant properties and are used here to facilitate the comparison 
between the deformed and target curves. Fourier Descriptors are briefly introduced in the next section, followed by the 
curve comparison scheme used in this paper. 
 
2.2.1 Introduction to Fourier Descriptors using tangent space transformation 
Fourier Descriptors (FDs) were introduced in the early 60’s as a set of numbers embodying the shape of a closed curve, 
and have been used successfully in the field of pattern recognition17. The basic idea is to, first, represent a closed curve 
as a periodic function of one variable, typically the curve length. Then, it is expanded using the Fourier series expansion. 
The coefficients of the terms together with the corresponding frequencies are termed as the Fourier Descriptors. The FDs 
of a curve are invariant under translation, rotation, and scaling. In addition, the frequency information gives quality 
insight to the curve shape, where lower frequencies imply smooth/larger features and higher frequencies describe 
sharper/detail features. 

 

Figure 6: A closed curve traced clockwise by its tangent line from an arbitrary starting point, defining the cumulative 
angular function φ(l). 

 
As mentioned previously, the curve being described must be represented as a function of one variable in order to obtain 
the FDs. A tangent space transformation, using the slope information instead of the point locations, is adopted in this 
research to express the 2-dimensional curve as a 1-dimensional signal with the curve length as the parameter. Consider a 
closed curve traced clockwise with a tangent line as shown in Figure 6. With an arbitrary starting point, the cumulative 
angular function φ(l) is defined as the angle differences between the tangent at any point along the curve and the tangent 
at the starting point. The 2-dimensional curve is, thus, transformed into a function of curve length, l. A change in 


