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B-Trees: An Introduction

e Recall multilevel indices.
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— Observe that values like 1 and 145 occur in several places
in the index =-deleting ‘1’ from the index requires several
record deletions.

— If deletions are left in place (no packing), some index blocks
could contain many deleted values =even if data file becomes
small, index remains large.

— If re-packing is done for each insertion, O(b;) blocks may be
processed.

— It overflow blocks are used, then many insertions cause the
overflow blocks to be processed frequently =-slower search.



e Using Tree Structures for Multilevel Indexing
—natural correspondence between multi-level indexing and
tree structures

— each node in multi-level index can have d key values and d
pointers

— index field values (key value) in each node guides us to next
node until we reach data file block that contains required
node

— by following pointers we restrict search at each level to sub-
tree of search tree, thus ignoring all nodes not in search tree

— Suppose we use Binary search trees 7



e What if we use Binary search trees ?

— each node has at most two children

— each node entry has one index entry
search key and pointer to data record

— leaves have no children

— searching for key value equivalent to inorder search
time is O(h) where h is height of tree

—ideal case: height is O(log n) where n is number of nodes

— worst case: height is O(n)
—-same as heap file!

—need to construct tree such that nodes in subtrees at each
node are “balanced”
—=need concept of Balanced Trees or B-Tree



e A B-tree is a type of multilevel index which:

—1s dense;

— implements insertion and deletion by dynamic reconstruction
of the index at the time of each insertion/deletion;

— limits the cost of dynamic reconstruction to approximately
O(log ¢ b;) block accesses;

— Incurs a search cost of approximately O(log ;) block ac-
cesses;

— limits the amount of wasted space;

— does not allow duplicate values in the index.



e A B-tree is a collection of blocks (called B-tree nodes) that
contain:
— search-key (index) values

— data pointers (block numbers and tuple numbers of data
records)

— tree pointers (block numbers of other B-tree nodes)
— some information local to each block (such as the number of
key values in it)

e Fach B-tree node fits into one disk block and the entire B-tree
resides on disk =when a B-tree is accessed, relevant nodes are
brought into main memory.



e Every B-tree node of a B-tree of degree m (m > 1):
— (except the root) must have at least m — 1 key values, sorted
inside the node;
— cannot have more than 2m — 1 key values;
— has as many data pointers as key values;
— has one more tree pointer than the number of key values;

—1is either a leaf or an internal node.



e NOTE: Alternate (but equivalent) definition:
e Every B-tree node of a B-tree of order d (d > 1):
— (except the root) must have at least d key values, sorted
inside the node;
— cannot have more than 2d key values;
— has as many data pointers as key values;

— has one more tree pointer than the number of key values,
1.e., between d + 1 and 2d + 1;

—is either a leaf or an internal node.



e Fach B-tree node fits into one disk block and the entire B-tree
resides on disk =when a B-tree is accessed, relevant nodes are
brought into main memory.



Additionally:

— Internal nodes contain tree pointers whereas leaves do not;

— All leaves are at the same depth from the root.
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Picking Degree of B-Tree

For example, suppose

— block size B is 512

— 2 bytes are used for block-specific information

— an index value, search key, requires K = 20 bytes
—a data pointer P; requires 6 bytes

— a tree pointer P requires 4 bytes

Then, we must have
2+2002m —1)4+6(2m —1)+4(2m) < 5I12.

Or
m < 8.93.

Thus, pick m = 8. In general terms, we must have
2+ K(2m —1)4+ Pj(2m —1)+ P(2m) < B.



e The nodes in a B-tree are arranged in in-order:

Jones Smith

Abel Davis Hart Muir Rand Snell $uda \\Vong

e NOTE:

— The root of the B-tree can have fewer than m — 1 values.

— Since 2m — 1 is odd, the maximum number of values is either
3,0,7,... etc.

— Since m > 1, smallest value possible for 2m — 1 is 3.

— In a full node, the m-th value is the called median or middle
value.

— It is possible to generalize the definition to allow for an even

number of values. If e values are allowed (e.g. e = 8), the
middle value is defined to be the (e 4+ 1)/2-th value.



e Operations supported by a B-tree:

— Insertion: insert a key-value into the tree.
— Deletion: delete a key-value from the tree.

— Search: search for a particular key-value.

e NOTE:

— A B-tree is used on top of a data file (usually, a heap file).

— Often, the combination of the tree and data file is called a B-
tree file (or, confusingly, B-tree for short). =the B-tree’s in-
sert function also inserts into the data file: btree_insert
(key, tuple)

— Search in a B-tree typically means equality search.

— Range searches are ineflicient in a B-tree.

e Remember: the tree pointer in a B-tree node is not a memory
location =1t 1s a block number.



e Worst-case height of a B-Tree.

It is possible to compute the worst possible height of a B-tree
containing n nodes without additional detail.

In the worst case, all nodes have only m — 1 values and the
root has only 1 value. Thus, 1 level 0 (root) has 1 node

level 1 has 2 nodes

level 2 has 2m nodes

level 3 has 2m? nodes

level i has 2m”~! nodes Therefore,

n=1+2+2m+2m’+...+2m"1
= 1+204+m+m’+...+m" 1)
h
—1
— 14270

m — 1



Height of B-tree of degree m
Or, h = O(log,,, n).
In fact, h <1+ logmn.

e NOTE:

— The m — 1 lower bound translates to “at least 50% full”.

— Any lower bound less than m — 1 is easy to support =-a
restriction like “at least 70% full” is possible but difficult.

e in practice, steady state analysis shows nodes are 69% “full”



Search in a B-Tree

e Searching in a B-tree follows in-order traversal.

— Start at root block.

— For each block, search sequentially through elements in block
until element is either found or the correct child block is

identified.
— It child block pointer is NULL =-item not in tree.

— It item is found =-extract data pointer and retrieve tuple
from heap file.

— Otherwise, follow childpointer.

e Eixample: search for ‘6’ in this tree:



not found

e What is the complexity of search? =-as many blocks as height
of tree (worst case) =-O(log,,, n) for search (n blocks of data).

Insertion in a B-Tree

e We will learn insertion via an example:



— Consider the case m = 2.

— The key values are integers.

— Insert the following key values in order: 1,7,8,10,9.3,2,5.4,6,11
NOTE:

—m = 2 =at least m — 1 = 1 value per node.
—m = 2 =-at most 2m — 1 = 3 values per node.
— Median value is 2nd value.

— We will not describe insertion of tuple into heap file.

e Initially: Create (empty) root node:

root

e Insert ‘1’:

— Space available in root block.



root

1

e Insert ‘7’:

— F1ts into root block

— Insert to right of ‘1’ (in sort-order)

root

1 7

e Insert ‘8’:

— Fits into root block
— Insert to right of ‘7’

root

1 7 8

e Insert ‘10’



— Root node is full =must split root.
— Median element (‘77) is bumped up one level (to new root).
— Split nodes are children (left and right) of median element.

— New element (‘107) is added in appropriate split node.
Step 1: Split node:

‘ insert at next level (parent of 1-7-8 node)

7

1 8

7

1 8 10

Step 3: Insert median element (with its left and right pointers)
at level above. =-in this case, create new root.



1 8 10

This illustrates the general principle behind insertion:
— First, find the correct leat for insertion. =-use in-order to
navigate to correct leaf.

— Note: check equality within interior nodes. =if found then
msertion is a duplicate.

— If space is available, insert into leaf (maintaining sort order).

— Else, split leaf and ‘push up’ median element =-insert median
element into old leaf’s parent.

— In pushing up median element, also move up left and right
pointers.

— Add new item in left or right child (according to sort order).

— If parent is full, split parent etc, recursively.



e After insertion of ‘9’, ‘3" and ‘2’

7

1 2 3 8 9 10

e Insert ‘5H':

— Search for correct leaf =the ‘1-2-3’ block.
— Block is full =split (median element is 27).
— Add new element into correct child =the ‘3’ block:

2

1 3 5

— Insert ‘2" into parent (the root, in this case):

2 7

1 3 5 8 9 10

e Insert ‘4’:



— Find correct leaf =the ‘3-5" node.
— Space available =-insert.

2 7

1 3 4 5 8 9 10

e Insert ‘6’:

— Find correct leaf =the ‘3-4-5" node.
— Node full =split (median element is ‘4’)
— Add new element to correct child (the ‘5" child, here):

4

3 5 6

— Insert ‘4’ into parent:

2 4 7




NOTE:

— The element ‘7" and everything to the right of it (including
pointers) are shifted to the right.

— The (tree) pointer between ‘2" and ‘7’ is overwritten by ‘4’
and 1ts two pointers.

pl1 p3




e Insert ‘11’

— Search for correct leaf =8-9-10" block.
— Block is full =-split needed (median element is ‘9‘).
— Add new element in correct child =the ‘10’ block:

9

8 10 || 11

— Insert ‘9’ into parent node (the ‘2-4-7" block) =2-4-7" needs
to be split (with median ‘4’) =create new root with ‘4’.

— Final tree:




Summary of Insertion Algorithm
e [irst search to find node where value is to be inserted
e insert into node
e [F node overflows (i.e., more than 2m—1 elements) then SPLIT

— push median element into parent
— split node into two nodes with m — 1 values each

—note that this may incur recursive splitting if parent is full



e What is the complexity of insertion”

— Suppose height of tree is h.

— Need to search for correct leaf (in-order traversal) =-at most
h blocks accessed for search.

— In the worst case, a split propagates to root =-h blocks ac-
cessed going back up.

— Thus, 2h old blocks read, h old blocks written, h new blocks
written. =4h disk accesses (worst case) =0O(log,,, n)

NOTE:

— In practice, some blocks are likely to remain in memory.
— Typically, m is large =height is small.

— For example, suppose m = 100 =it h = 4, omh—1 =
2,000,000 =2 million blocks is a lot of data!
— Access times are O(h).



B-+4-Trees: Introduction

e Recall the following about a B-Tree:
Index values occur all over the tree =a range search or sorted
scan can be quite expensive.

root 53

B

subtree subtree

52 54

leaf scan - leaf

e Recall definition of multi-level index =-data file is only at bot-
tom level

e A B-+-tree overcomes this problem (at the cost of allowing du-
plicate entries).



e Key ideas in a B+-tree:

— Similar structure to that of a B-tree.

— Distinguish between internal and leaf nodes.

— Leaf nodes contain all search keys inserted into tree.
— Leaf nodes connected by a linked list in sorted order.
— Bach leaf node:

* has no tree pointers
x has only search keys and data pointers
* has linked list pointer
— Bach internal node:
x has search keys
x has tree pointers
x has no data pointers

— Search keys in internal nodes are used only for navigation.



— Search keys in internal nodes are repeated in the leaves.
— Every search key does not occur as an internal value.

— Which search keys get to be in internal nodes as well?
=-depends on what’s wrought about by insertions/deletions.



For example:

internal nodes

Lt

e Constraints on node contents for a B+-tree of degree m:

— Each internal or leaf node must contain at least m — 1 keys.
— Each internal or leaf node can contain at most 2m — 1 keys.
— Each internal node can contain at most 2m pointers.

— Each internal node must contain one more pointer than the
number of keys.

— Bach leaf node must contain as many data pointers as there



are keys in the node.
NOTE:

— In a full node, the m-th value is the median or middle value.

— In practice, tree pointers can be smaller than data pointers
—internal and leaf nodes can have different degree =-usually
internal nodes can pack more keys =-possibly fewer levels
than a corresponding B-tree.

— For simplicity, this presentation will use the same degree for
both.

— As with B-trees, the above definitions can be extended to
trees with even numbers of keys — use order of tree.



Definitions using order of tree:
Constraints on node contents for a B+-tree of order d:

e Each internal or leaf node must contain at least d keys.
e Each internal or leaf node can contain at most 2d keys.
e Fach internal node can contain at most 2d + 1 pointers.

e Fach internal node must contain one more pointer than the
number of keys.

e Fach leaf node must contain as many data pointers as there are
keys in the node.

NOTE:

e In a full node, the d-th value is the median or middle value.

e In practice, tree pointers can be smaller than data pointers
—internal and leaf nodes can have different order =-usually



internal nodes can pack more keys =-possibly fewer levels than
a corresponding B-tree.

e For simplicity, this presentation will use the same order for
both.



Picking Degree of B+4-Tree

For example, suppose

e block size B is 512
e 2 bytes are used for block-specific information
e an index value, search key, requires K = 20 bytes

e a tree pointer P requires 4 bytes

Then, we must have
24+20(2m — 1) +4(2m) < 512

m < 11.1.

Thus, pick m = 11...Note that this is higher than B-tree degree
In general terms,

2+ K(2m — 1)+ P(2m) < B.



Picking Order of B+-Tree

For example, suppose

e block size B is 512
e 2 bytes are used for block-specific information
e an index value, search key, requires K = 20 bytes

e a tree pointer P requires 4 bytes

Then, we must have
2+20(2d) +4(2d+1) < 512.

d < 10.5

Thus, pick d = 10...Note that this is higher than B-tree degree In
general terms,

2+ K(2d)+ P(2d+1) < B.



Insertion in a B+-Tree

e Key ideas similar to a B-tree.
e Search:

— Search for correct leaf using in-order search.
e Insert

— Must insert in appropriate leaf.

— It leat is tull, split leaf: push up copy of median element to
next level and link the two new leaf nodes

x If this leads to a overflow in internal node then Split inter-
nal node

x split non-leaf node is same as B-tree: push up median
element



e We will learn insertion via an example:

— Consider the case m = 2.
— The key values are integers.
— Insert the following key values in order: 1,7,8,10,9.3,2,5.4,6,11

e Initially: Create (empty) leaf node:

---------

L

e Insert ‘1’:

— Space available =-insert.

--------- e

=

e Insert ‘7’:

— Space available =insert (in sort-order).



front  |eeeeeeees re

e Insert ‘8’:

— Space available =insert (in sort-order).

""""" = 1 7 8

L

e Insert ‘10’

— Node is tull =must split.

— Median element 1s “7’.

— Bump up a copy of median (‘7’) to next level.

— Split nodes are children (left and right) of median element.

— New element (‘107) is added in appropriate split node.
Step 1: Split node:



. R 2 D | — ~| 8
L

NOTE: ‘7" remains in left child =-search must use “<” (to
reach ‘77 in leaf).
Step 2: Add new value (‘107):

nt ol I A [ ) SERRRE =| 8 |10 1

Step 3: Insert median element (with its left and right pointers)
at level above. =-in this case, create new root.

root




As in a B-tree, the general principle behind insertion is now
apparent:

— First, find the correct leaf for insertion. =-use in-order to
navigate to correct leaf.

— Check if already present in leat =-if so, then insertion is a
duplicate =-halt.

— If space is available, insert into leaf (maintaining sort order).

— Else, split leaf and ‘push up’ a copy of the median element
—=-insert median element into old leat’s parent.

— Add new item in left or right child (according to sort order).

— In pushing up median element from a leaf, create left and
right pointers.

— In pushing up median element from an internal node, also
move up left and right pointers.

— If parent is full, split parent,..., etc, recursively.



e Insert ‘9’:

— Search for correct leaf =the ‘8-10’ node.

— Space available =-insert.

root




e Insert ‘3’:

— Search for correct leat =the ‘1-7’ node.

— Space available =-insert.

root

e Insert ‘2’:

— Search for correct leat =‘1-3-7" block.
— Node is full =split required (median is ‘37):

insert at next level

B

2

3

| 8

9

10

L

— Insert ‘3 into parent (the root, in this case):



7

10

leaf level

.”—I



e Insert ‘5H':
— Search for correct leaf =the ‘7’ node.

— Space available =-insert.

w123 |}-=|5 |7 =8 |9 |10

o

leaf level

e Insert ‘4’:
— Search for correct leat =the ‘5-7’ node.

— Space available =-insert.

w123 }l4 |5 |7 |}=|8 ]9 |10

o

leaf level



e [nsert ‘G’
— Search for correct leaf =-the ‘4-5-7" node.
— Node is full =split (median is ‘5’).
— Add new element to correct child (‘6-7" block):

4 |5 | [} |6 |7

— Insert 5’ into parent:

3 5 7




e Insert ‘11"
— Search for correct leaf =-the ‘8-9-10" block.
— Block full =split (median is ‘9’).
— Add new element in correct child (the ‘10" block):

8 |9 | [|}-s =1 10 | 11

— Insert ‘9’ into parent.

— Node full =split (Median is ‘5’).

— Insert ‘9’ in correct child =the 7’ block.
— Create new root (‘5’).

— Final tree:



s20
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11
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e NOTE:
— When a leaf gets split, a copy of the median gets pushed up
to the next level.

— The median itself stays in the left child (by convention).
=-searching must use “<”.

— When an internal node gets split, the median itself gets
pushed up.



e Searching a B+-tree is almost identical to searching a B-Tree,
except:
— Use “<” when searching.
— Must traverse down to leaf to obtain data pointer.

e What was the whole point about a B+4-tree? =range search is
fast!

To search for search keys in the range 4-7:

— Locate the lower limit (‘4’) via search.

— Traverse linked list until you reach (‘7"). =-optimal after
lower limit is found.



e Complexity of B+-tree operations:

— Identical to B-tree: depends on tree-height.

— Tree height is O(log,,, n).

— Search and insertion (and deletion) are O(log,,, n).

— Range search costs O(k + log,,, n) where k is the number of
blocks containing the desired range.

e Pseudocode: analogous to the pseudocode for the B-tree, the
following functions are defined:
— B4+TREE-CREATE (tuplesize, keysize, keyoffset).
— B+TREE-SEARCH (key).
— B+TREE-RECURSIVE-SEARCH (b, key).
— B+TREE-INSERT (tuple).

— B4+TREE-RECURSIVE-INSERT (b, key, T, leftblock, right-
block).



— B4+TREE-CREATE-NEW-R0OT (key, T, leftblock, right-
block).

— refer to notes/book

Note that leat-nodes will have next-pointers to link them.
Deletion in a B+-Tree

e Since some values appear twice (leaf and internal nodes), is
deletion in a B4-tree complex? Yes and no.

e Three types of deletion:
Lazy deletion:

— Delete only at leaf level.

— Mark corresponding internal node value as deleted (if one
exists).

— Do not remove internal value =-it can still be used for navi-
gation.



— Periodically rebuild tree and remove deleted internal values.
Very lazy deletion:

— Mark both internal and leaf values as deleted.

— Periodically rebuild tree and remove both deleted internal
and leaf values.

Full deletion:

— Remove both leaf and internal copies.
Lazy deletion methods:

— Basy to implement.
— Tree can become large.

— Have to be careful about re-insertions of deleted values (oth-
erwise duplicates might exist in internal nodes).

— Need to keep track for periodic re-building.



Full deletion is harder to implement, but is space efficient. Each
delete takes longer.

e more details reter to notes...



B-Trees and B+4-Trees: A Summary
e B-trees and B+-trees:

— are versatile indexing methods, usually used instead of plain
single or multilevel indices;

— support search in O(log,,, n) time where m = degree of node
n = number of index blocks

— support dynamic insertion and deletion in time O(log,,, n);
— are In-order trees with multiple key values in each tree node;

e B+-trees are usually favored over B-trees in practice. =range
search is faster in a B4-tree.

e Disadvantages?’

— Worst-case, each node will be only 50% full =twice the
blocks needed for an ISAM index.



— However, it can be shown that under uniform accesses, block
occupancy is more than 65%.

— B*-tree: a variation of a B+-tree that forces a high occu-
pancy (67%).



e Summary of Node Splitting

— split node when number of entries exceeds maximum, 2m —1
— find median element
— split node into two “siblings”
x values less than median in left subtree
x values greater than median in right subtree
— For B-Tree push up median element into parent node

— For B+ trees, push up copy of median into parent node,
keep data entry at leaf node.



e Some remaining practical issues:

— Duplicate values:
— Key compression:

x Sometimes, keys can be very long =-tew records in each
index node =small m =not very efhicient.

* In many cases, it makes sense to use only a substring in the
key (e.g., a small prefix) =compression of key increases m
=-more eflicient.

x Need to be caretul with duplicate substrings from different
keys.

— Bulk loading:

x Often, a B+-tree is created on top of an existing heapfile.

x Nalve approach to building B4-tree: scan heapfile and
insert items successively.



% ouccessive insertion can cause many nodes to have low
occupancy.

x Better to create initial B4-tree using a bulk loading algo-
rithm.

x some bulk loading algorithms build the tree bottom-up.



Summary of Indexing

— Organizing the file of records leads to lower access times
— indexing a file can speed up access

— Hashing is a simple but effective method

— multi-level indices implemented using B-tree concept

— external sorting helps create a sorted data file

— File organization methods help us implement the relational
operators =NEXT....



e Example of bulk-loading (m = 2):
Create a B+-tree from the keys 1,2.3,...,18.

e [irst, create the leaf-level nodes in order:

w123}« 4]5]6]|}- - (16 |17 | 18]}

e Next, create copies of last values in each block: leat block:
3,...,18.

insert these values at higher levels

3 6 18
1| 2 |i3i|}-= 45’:6:- ----------- **161718—_|_

These values are to be copied into higher levels.

e Values 3.6,9 form first block at next level

3 6 9




e Inserting 12 causes a split:

10

11

12

e Other items are added similarly:.




Deletion in a B+4-Tree

e Since some values appear twice (leaf and internal nodes), is
deletion in a B+-tree complex? Yes and no.

e Three types of deletion:
Lazy deletion:

— Delete only at leaf level.

— Mark corresponding internal node value as deleted (if one
exists).

— Do not remove internal value =1t can still be used for navi-
gation.

— Periodically rebuild tree and remove deleted internal values.
Very lazy deletion:

— Mark both internal and leaf values as deleted.



— Periodically rebuild tree and remove both deleted internal
and leaf values.

Full deletion:

— Remove both leaf and internal copies.
Lazy deletion methods:

— Easy to implement.
— Tree can become large.

— Have to be careful about re-insertions of deleted values (oth-
erwise duplicates might exist in internal nodes).

— Need to keep track for periodic re-building.

Full deletion is harder to implement, but is space eflicient. Each
delete takes longer.



Lazy Deletion in a B+-Tree

e Consider this example (degree m = 2):
Delete 10, 11, 5, 4, 2, 3, 8 from:

5

- 1 2 3 e 4 5 o 6 7 g 8 9 -2 10 1 1

1

e Delete ‘10
— Search for ‘10’.

— ‘10’ is not found in an internal node =no marking needed.

— Direct delete does not cause underflow =delete.



s20
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e Delete ‘11°:

— Search for ‘11’

— ‘11" does not occur as an internal value.

— Deletion from leaf causes underflow =try to borrow from
sibling.

— To borrow, rotate from sibling =-when moving ‘9’ over, copy
of ‘8" is placed into parent:

5

e Delete ‘5’
— Search for ‘5.



— ‘5’ occurs as internal value = mark internal value.

— Deleting ‘5’ from leaf does not cause underflow.

mark G
internal




e Delete 4’:
— Search for ‘4’.

— ‘4" does not occur as an internal value.
— Deletion from leaf causes underflow =borrow from sibling.
— Rotate from sibling:

e Delete ‘2’:
— Search for 2.

— Q7 occurs as an internal value = mark ‘2’.

— Deletion from leaf does not cause overflow.



5*

2*

I

1




e Delete ‘3’
— Search for ‘3.

— ‘3’ does not occur as internal value.

— Deletion from leaf causes underflow =borrow from sibling

— Borrow from sibling not possible =Merge needed.

— Pull-down from parent causes underflow at parent =borrow
from parent’s sibling:

... not needed at leaf

o 6

7

(should be deleted)

.............

L

— Marked values are not needed at leaf level (they have no data

pointers) =>they should be deleted.



,“.y

5*

B
e

.....

.....

.|}J




e Delete ‘8’
— Search for ‘§’.

— ‘8’ occurs as an internal value =mark ‘8’
— Deletion from leaf causes underflow =try borrowing.

— Borrow causes sibling underflow =pull down ‘8" from par-
ent.

— Underflow at parent’s level =-try borrowing at parent’s level.
— Borrow not possible at parent’s level =pull down 7.

— Final tree:




Full Deletion in a B+-Tree

e Consider this example (degree m = 2):
Delete 10, 11, 5, 4, 2, 3, 8 from:

5

- 1 2 3 e 4 5 o 6 7 g 8 9 -2 10 1 1

1

e Delete ‘10
— Search for ‘10’.

— ‘107 does not occur as an internal value.

— Deletion from leaf does not cause underflow.



s20
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e Delete ‘11°:

— Search for ‘11’

— ‘11" does not occur as an internal value.

— Deletion from leaf causes underflow =try to borrow from
sibling.

— To borrow, rotate from sibling =when moving ‘9’ over, copy
of ‘8 is placed into parent:

5




e Delete ‘5’
— Search for ‘5.

— ‘5’ occurs as internal value = mark internal value.

— Deleting ‘5’ from leaf does not cause underflow.

mark G
internal

1| 2] 3|k 4 =~ 6| 7 | 8 | 9
L

— Replace internal value with copy of predecessor (rightmost
leaf value in left subtree).



e Delete 4’:
— Search for ‘4’.

— ‘4’ occurs as an internal value = mark 1t.

— Delete ‘4’ from leaf =need to rotate from sibling:




— Replace internal value by predecessor:

-




e Delete 2:
— Search for 2.

— ‘2’ occurs as an internal value = mark 1t.
— Deletion from leaf does not cause underflow.

— After leaf deletion, replace internal value by predecessor (‘1°):

3




e Delete ‘3’
— Search for ‘3.

— ‘3’ occurs as an internal value =-mark it.
— Deletion from leaf causes underflow =try borrowing.
— Borrowing causes underflow in sibling =pull down ‘1".

— Pulling down ‘1’ causes parental underflow =borrow at par-
ent’s level.

% N N A O ~l6 |7 e 8 | e . )
! —

delete from leaf

— Internal value of ‘1’ does not belong in leat =delete it.
— Replace internal value of ‘3’ with predecessor (‘17):
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e Delete ‘8’

— Search for ‘8’

— ‘8’ occurs as an internal node =mark it.

— Deletion of ‘8’ causes underflow =try to borrow from sibling
— Borrowing from sibling causes underflow =-pull down parent.
— Borrowing at parent’s level causes underflow =pull down “7’.

1 7

el 1] PR = 6 71 s =1 819

m

1 7




Deletion in a B-Tree

e Deletion is somewhat more complicated than insertion. To see
why, consider:

1 3 5 6 8 10 11

— Suppose we want to delete ‘6’ =-easy — simply delete ‘6’ from
"5-6" node:

1 3 5 8 0] 11

— Suppose we want to delete ‘9’

x Cannot delete ‘9’ casually.



x A search for ‘11" would cause problems = problem is worse
for large m.

5 6 8 10 |] 11

— Suppose we want to delete ‘2" =need to have at least m — 1
elements =node will underflow.

e Key ideas used in deletion:
— Rotation: when underflow occurs, try to borrow key values
from sibling via rotation.
— Merging: if rotation cannot be done, merge siblings.
— Replacement: when deleting a value from an interior node,

replace 1t with another key value.

e Rotation:



— Consider an example where m = 3 =must have at least
m — 1 = 2 values per node.

66

79

83

64

......

65 67

68

— Deleting ‘64" violates the lower limit.

— But, right sibling has enough values to re-distribute.

— Values are re-distributed via rotation (including the parent).

— Note: we cannot ignore parent value in rotation (since that
would violate in-order).

66

79

83

.
K
s
”»

65

.......

......

67 || 68 69

70

\\/\ these values violate in-order

— Instead, parent value must be included in rotation.



pull up value from sibling

83

pull down from parent

.....

65 ] 66 || 67 69 || 70 ]| 72

— NOTE: both data pointers and tree pointers need to be
moved 1n a rotation.

e Merging:

— Sometimes, you can’t borrow from a sibling because the sib-
ling doesn’t have enough:

66 || 791|183 || 98

64 || 65 67 || 68

— Here, rotation from right sibling would cause right sibling to
underflow.

— Key idea: since both siblings are ‘borderline’, they both have



m — 1 values =together they have 2m — 2 values =-together
with parent value they have 2m — 1 values =-can merge all
of these into a single node.



— Method: pull ‘66’ down and merge siblings:

Shift

66 || 79 || 83 || 98

651166 || 67 || 68 67 || 68

merge 67 and 68

Result:

these elements got shifted left

79 |] 83 || 98

merged node

65|] 66 || 67 || 68

‘66’ was pulled down from parent node

— But what if pulling down a value from the parent causes
underflow at parent’s level? =-balance or merge at parent’s
level ... and so on, recursively.

— Example: delete ‘64’ from this tree:



105(]131

66 || 79 112]]118

64 || 65 67 || 68

Here,

x Deleting ‘64’ causes underflow in ‘64-65" node.

x oibling is borderline =-pull down ‘66’ from parent =causes
underflow in parent node =-try to re-distribute among par-
ent and parent’s sibling.

x Parent’s sibling is borderline =-must merge parent and
parent’s sibling.

When we pull down ‘66’, we get:



105|131

79 112]]118

65|66 |]|67|] 68

When we pull down ‘105" we get:

131

79 11105]|112]|118

65 ] 66 || 67 || 68

NOTE: if ‘105" was the only element in the root, we would have
one less level.

NOTE: In the above example (and some that follow), the entire
tree is not shown for lack of space.



e Replacement:
— Deletion of an interior node value requires replacing the
value.
— The value is replaced by the in-order predecessor.

— Finding the in-order predecessor requires a search all the way
down to the leaf level.

— Example (with m = 2): Delete ‘73" from this B-tree

51 {| 73 |] 85
55 || 61 || 66 79 || 81 || 83
64 67 || 69 [| 71 75 || 77

— The in-order predecessor of ‘73’ is the largest element in the
left subtree of “73’. =rightmost element in left subtree.



— Note: an interior value always has a left subtree.
— Replace 73" with “71".

51|71 1|] 85
55 (]| 61 || 66 79 (] 81]]83
64 67 []69 ]| 71 75 || 77

original ‘71’ still in place

— Note: after replacement, in-order is maintained.



— Finally, do a regular delete of ‘71"

51 71 || 85

55|61 (] 66 79 1]181(] 83

64 67 || 69 5|77

— Note: in some cases, the final delete could recursively work
1ts way up to the root. But it does not use replacement and
so must finally end.

e At last we see why the underflow restriction is m — 1 (as op-
posed to something higher)
=if the restriction were higher (such as 70%
full), then how would we merge two nodes

that are 70% full?
(It can be done, but it’s harder).



e We will not cover delete any further. For additional details,
see the literature.

Implementing a B-Tree

e Implementation issues:

— How to store data and pointers in blocks?
— Designing algorithms for insertion and search.

The following functions will be used to handle I/O in the pseu-
docode:

— Disk-READBLOCK (bnum)
— This function reads block bnum into memory and returns

the address.

— D1SK-NEWBLOCK ()
— Creates a new block on disk and returns a block number.



— A separate DISK-READBLOCK is needed to read the block
Into memory.

— Di1sSk-WRITEBLOCK (bnum) — Writes block bnum to disk.



e Recall: B-tree blocks contain

— key values (at most 2m — 1)
— data pointers (at most 2m — 1)

— tree pointers (at most 2m)
It is usetul to store additional information:

— A boolean indicating whether the block is a leaf.

— The number of entries (key-values) in a block.
Note: If a block has £ key values, then it has k+1 tree pointers.

e [f the degree m is known in advance, we can use a C-like struct
for a B-tree block with fields, e.g.,

struct btree_node { // M = degree
int num_entries; // Number of entr
int leaf; // Leaf or interi



char value [KEYSIZE.
int blocknum [2*M-1]

int tuplenum [2*M-1];

int treep [2*M];
};

[2xM-1] ;

)

)

// Values

// Together, bloc
// tuplenum const
// One additional

Now, typically, the system reads a block into memory and re-
turns its address. In C, a cast may be used to extract fields:

b = (btree_node *) Disk_Readblock (blocknum) ;

if (b->leaf) {
. etc

Casting will not be shown in the pseudocode that follows.

e Typical function specifications for creating, searching and in-



serting:

Creating a B-tree: btree create (tuplesize, keysize,
keyoffset)

— tuplesize is the length (in bytes) of the data tuple.
—keysize is the length of the key field.

—keyoffset is the offset (in bytes) of the key field.

— The function initializes the root block and stores (in private
data structures) the tuplesize etc.

— Most often, a file identifier is returned:
fd = btree create (tuplesize, keysize, keyoffset)
to be used later in searching or insertion: btree_search
(fd, key)

Searching a B-tree: tuple = btree search (key)

—key is a particular key value (e.g., the character string



‘Smith’ for a NAME field).

— The function typically returns the entire tuple (if found) or
NULL. =-the function retrieves the tuple from the data file.

Inserting a tuple: btree_insert (tuple)

—tuple is the tuple to be inserted.

— Often, such functions return the data block (of the heapfile)
i which the tuple was inserted.

e Pseudocode for these operations are given in notes



