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Abstract: Clos networks are well-known univer-
sal multistage networks that realize all permuta-
tions. However, the routing algorithms to realize
permutations on these networks are so slow that
their usefulness is severely limited. This paper
will give a simple, efficient randomized algorithm
that routes any given permutation on Clos net-
works. Randomization takes place in the first col-
umn of the network, while self-routing is used in
the remaining columns. Probabilistic analysis of
the algorithm will be conducted and the queue-
ing delay of any permutation will be shown to be
bounded by a small constant (£ 19) with a prob-
ability greater than 99.31%. The simplicity of the
algorithm and the almost certainly constant delay
will make Clos networks very practical.

§1. Introduction

Clos networks [2] [3] were among the first
proposed multistage networks that are universal,
that is, that realize all permutations. However,
the routing algorithms to set the switches of Clos
networks to realize permutations are so slow that
the usefulness of these networks is severely limited
[4]. One notable exception is when the number of
switches in the first and last column of the Clos
network is two in which case the network is self-
routed and hence very useful [5]. But this special
case limits the number of input/output terminals
and is suitable only for very small paralle] sys-
tems. Therefore, for large Clos networks, alterna-
tive solutions to Clos routing have to be sought.

An approach to fast control of Benes-Clos
networks was developed in [7]. It is based on
the observation that if the leftmost column of
switches is set to some fixed configuration, the re-
sulting network becomes a delta network, that is,
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self-routed using destination addresses. Accord-
ingly, the approach seeks, for every given family
of permutations, a configuration to which to set
the first column so that the resulting delta net-
work realizes all the permutations of the family.
If such a configuration exists, the family is said
to be compatible and the left column configura-
tion is called the compatibility factor. Compati-
bility factors were found in [8] for several impor-
tant families of permutations that have proved
useful in many parallel algorithms and applica-
tions. However, no fast algorithm to decide com-
patibility and compute compatibility factors has
been found. Therefore, this approach does not ap-
ply to all situations, leaving the need for a more
general solution to efficient Clos routing.

This paper proposes a randomized routing al-
gorithm for general Clos networks with queueing
switches. Briefly, when routing an arbitrary per-
mutation, each source first sends its message to a
uniformaly randomly selected output port in its
switch in the first column. Afterwards, the mes-
sages are self-routed to their destinations using
the destinations addresses as routing tags. This

is possible and guarantees correct delivery of mes- -

sages because the network to the right of the first
column of any Clos network is a self-routed delta
network. Due to randomization, conflict over out-
put ports in the first column may occur and mes-
sages may have to be queued. In the remaining
columns conflict may still occur because delta net-
works do not realize all permutations.

The focus of the paper is on the probabilistic
analysis of the queueing delay in Clos networks
under this routing algorithms. It will be shown
that with overwhelming probability the queueing
delay is bounded by a constant. Specifically, the
probability that a message will wait for a total of
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at most 19 messages (ahead of it) in the queues till
it reaches its destination is greater than 99.31%.
Therefore, with overwhelming probability the al-
gorithm takes a small constant time to route any
permutation, assuming the communication time
in a crossbar switch is constant. Thus the al-
gorithm is extremely efficient. This efficiency
makes the Clos networks compare very favorably
in speed with the self-routed Batcher network [1]
in addition to being cheaper in hardware.

The paper is organized as follows. Next sec-
tion will review Clos networks. Section 3 will
present the details of the randomized routing al-
gorithm. The probabilistic analysis of the algo-
rithm is carried out in section 4. Section 5 will
give some concluding remarks and future direc-
tions.

§2. Overview of Clos Networks

In this section, Clos networks will be re-
viewed and related concepts discussed.

Let p and ¢ be two positive integers. A Clos
network C(p,q) has pg input terminals, pg out-
put terminals and three columns of switches (see
Figure 1). The left (i.e., input) column and the
righ (i.e., output) column have p ¢ X ¢ crossbar
switches each. The middle column has ¢ p X p
crossbar switches. Assume that the switches in
the leftmost and rightmost column are labeled
0. 1, ... . p— 1, and the switches in the middle
column are labeled 0, 1, ..., ¢ — 1. Assume also
that the input ports and the output ports of every
switch in the end columns (resp., middle column)
are labeled 0, 1, ..., ¢—1 (resp., 0, 1, ..., p—1)
from top to bottom. It can be seen that the in-
put (or output) y of a switch r in any column can
be uniquelv identified by zy. The interconnection
between the left column and the middle column
is such that output port zy in the left column
is linked to input port yz in the middle column.
Similarly, the interconnection between the middle
column and the right column is such that output
port yr in the middle column is linked to input
port zy in the right column column. These in-
terconnections will be referred to as the first and
second interconnection, respectively.

It will prove convenient to express every inte-
ger label a of input/output terminals in two digits
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ajap, where 0 < a; < p—1land 0 <ap € ¢g-—1.
a; represents the switch to which a belongs, and
ao represents its position in the switch.

01 0% C 01
2] © o1 O [Con
03 ] - 03
- 10
}? Loy T 10
141 12 Lo
13 2 L 13
2 9
20 / 2
2 20
A4 2 ; 2 2 21
23 3 23
CG.4)

A Clos Network
Figure 1

- Tt is known that if the first column of C(p, q)
is dropped, the remaining network is a delta net-
work, that is, the messages can be self-routed us-
ing the destination addresses. To see this, suppose
that a message is to be sent from output port ry
of the left column of C(p,q) to the output termi-
nal 'y’ (that is, the output port z'y’ of the right
column). Through the first interconnection the
message enters the input port yz of the middle
column. This input port is the input port z of
switch y in the middle column. Using the first
component z' of the destination address z'y’, the
message exits the middle switch y through its out-
put port z', that is, through output port yz’ of
the middle column. Through the second inter-
connection the message enters the input port z'y
of the right column, which is the input port y of
switch z' in that column. Using now the second
component y' of the destination address z'y’, the
message exits the right switch z' through its out-
put port ¥, that is, through the output port z'y’
of the right column, which is the desired destina-
tion. In summary, to go to destination z'y’, =’ is



used to control the middle column, and y' is used
to control the right column.

To accommodate and resolve conflicts in
C(p,q) when routing randomly, queues have to be
used inside every switch. In every n x n switch,
where n = p or n = ¢, there are n queues, one
queue per output port. Whenever a message en-
ters a switch and is to exit through output port
1 of that switch, it goes into queue i associated
with output port i. The switches in the right col-
umn need not have queues if only permutations
are routed. The reason for this is that only one
message will be received at every output port in
the right column when a permutation is routed.
In the switches of the left and middle columns,
each queue needs to be of length ¢ to avoid over-
flows when routing a permutation.

§3. The Randomized Routing Algorithm for
Clos networks

Every input terminal processor is assumed
to have an independent uniform random num-
ber generator that generates integers in the range
from 0 to ¢ — 1. The algorithm has two phases:

Phase 1:

Every input terminal s = ;s randomly selects
a random number s§. Then, it sends its message
- with a header containing the destination address
f(s) = didy to output port s185 (that is, output
port s; of switch s,). The messages received at
each output port are queued there. This is done
by all the input terminals simultaneously.

Phase 2:
for i = 0 to pq -1 do in parallel
while (queue 7 of the left column # 9) do
self-route the message in the queue front
to its designated destination using
the destination address;
endwhile
endfor

§4. Analysis of the Algorithm

In this section, the probabilistic analysis of
the algorithm will be carried out. Specifically,
the probability that the queueing delay to entirely
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route an arbitrary permutation is less than a given
value will be derived. Based on the derived lower
bound of this probability, it will be shown that
with extremely high probability (approaching 1)
the queueing delay is less than 19. To help with
the queueing analysis, the following two lemmas
about binomial distributions are needed.

4.1 Lemma. If X is a random variable of
binomial distribution B(N,p), and if m > Np,
then Pr[X > m] < (&B)"em-Nr,

Proof. The proof can be found in [6]. g

4.2 Lemma. Under the assumptions of Lemma
4.1 the following holds:

. (£)™, ifNp<1;
P"[)‘Zm]s{ )™ ifNp< 2.
m

Proof. It follows from Lemma 4.1. (]

Let f be a given (arbitrary) permutation of
{0,1,...,pg—1}. To determine the queueing delay
of f when routed by the randomized algorithm,
one should consider the link conflict between ev-
ery source-destination path R and all the other
paths. Note that two source-destination paths
can conflict in C(p, q) over at most two links. Ev-
ery link conflict with R causes some messages one
additional queueing delay unit. Thus, the path
R remains busy for a period equal to the num-
ber of link conflicts with R. Consequently, the
queueing delay of f is bounded from above by the
maximum time every path remains busy.

It follows from the preceding discussions that
to analyze the queueing delay of f, it is sufficient
to evaluate the number of link conflicts between
any given arbitrary path R on the one hand and
all the other source-destination paths s — f(s)
of f on the other hand. Denote by Rn(s —
f(s)) the set of links over which the paths R and
s — f(s) conflict, where s is an arbitrary source
terminal and f(s) is its corresponding destination
(i.e., output) terminal. We are then interested in
the quantity >~ |RN(s — f(s))| which represents
the total number of link conflicts between R and
all the other source-destination paths of f.

Since f is routed randomly, each source-
destination path s — f(s) is a random path in
the sense that the output port of the left column
along that path is chosen randomly and the rest of
path is uniquely determined afterwards according



to that random choice. We will assume through-
out that R is an arbitrary, fixed (i.e., non-random)
path, and s — f(s) is a random path from source
s to destination f(s). Therefore, RN (s — f(s))
is a random set, and |RN(s — f(s))| is an integer
random variable and sois ¥, |[RN (s — f(8))l-
It should be evident at this point that the
probability distributions of the two random vari-
ables |R 1 (s — f(s))] and ¥, 1R 0 (s = f())]
form a focal point of the probabilistic analysis of
the queuing delay.
4.3 Lemma. Let R be a given path a — b
from a source a = ajao to a destination b = bybo
in C(p,q), s = 818 be a given source, d= f(s) =
dydo the corresponding destination, and s — f(s)
a random path constructed by the algorithm. Let
P and Q be the following two logical expressions:
P=(51 =ay A dy r,ébl)V(Sl #£a; A dy =b1)
and Q=(sy=a1 A dy = by). Then we have the
following:

1 if P holds;
2) PTHR (s = J)l = 1] = {Oq lotherv:?is:"

L if Q holds;
b prlants = s =2 = {3 G
Proof. a) Assume s; = a; and d; # by.

The fact that d; # b, implies that the destina-
tions f(s) and b are output ports of two distinct
switches in the third column, and consequently,
the two paths R and s — f(s) cannot conflict
over a link in the second interconnection. Thus,
if these two paths conflict over exactly one link,
that link must be in the first interconection. That
is, the two sources a and s select the same output
port in the left column. This happens with proba-
bility 1. The case where 51 # a; and d; = by can
be treated similarly. In the case where s; £ a3
and d; # by, the two paths cannot conflict over a
link in the first interconnection because the two
sources a and s are input ports of two different
switches, neither can they conflict over a link in
the second interconnection because the destina-
tions b and f(s) are output ports of two different
switches. Thus, the probability of conflicting over
one link is 0. In the final case where s; = a; and
d; = by, the two paths can be easily seen to con-
flict over two links or not conflict at all. Hence,
the probability of conflicting over exactly one link
is 0.
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b) If the two paths conflict over two links, then the
sources must be input ports of one same switch
and the destinations must be output ports of one
same switch. Thus, we must have s; = a; and
dy = b;. Otherwise, the two paths cannot con-
flict, or equivalently, the probability of their con-
flict is 0. Now if s; = a; and d; = by, and if
there is a conflict over a link in the first intercon-
nection (which happens with probabilty %), then
there must be a conflict in the second intercon-
nection because d; = by. Thus, under this case,
the probability of conflicting over two links is -};
1

To continue the analysis, the following defi-
nitions are needed. Let
Li={s||Rn(s— f(s))| =i}, fori=0,1, 2
E?:{sls; =a, A dy =b},and
AR ={s|(si=a1 Ady #b1) V(51 #F a1 Ady =
blg}, where f(s) = d = d,dp.

Let also 0 = IE?I and § = |A?|.

The probability distribution of 3, [RN (s —
f(s))| can now be addressed. Let ! be a non-
negative integer and I' = | 4]. ‘
PrlS, RN (s — f()] 2 1) = Pr(T,er IR0
(s = FENI+ Toer, [RA(s = NI+ Soer, IR
(s — f(s))]) = {] which is equal to

Pr((Ii] +2l1]) > 1]

because 3_,c; [RN (s — f(s))]=1x |11,

We should then consider the distribution of
|I1] and |I2|. Note that a given source s is in [; if
and only if s is in I; and A?, after part (a) of the
previous lemma. Therefore, we have the following
equalities between random events:

[|11| = k] = [exactly k sources are in 11] =
[exactly k sources in A? are in Il].

As the probability that a given source s in A’; is
in Iy is ]5 (after part (a) of the previous lemma),
it follows that Pr[exactly k sources in A? are

in ]1] = (ﬁ)(%)k(l - %)64. Therefore, the ran-
dom variable |I;] follows a binomial distribution
B(ﬁ,lq). The distribution of the random variable
|I| can be similarly shown to be the binomial dis-
tribution B(o,%)‘

Since 0 = |{s | s = a1 Ady = b} <
{s | &1 = a1}| = ¢, we have ¢ < g, that is,



o x + < 1. Making use of the fact that |1;] follows
the distribution B(o, %) and applying Lemma 4.2,
we conclude that Pr[llrz[ > m] < (—:;)m for all
m 2 1. Similarly, § = |{s] (s, ay Ady #
bi)visi #ayAdi=b)} = {s| s =a; Ad; #
b+ sl o1 # ayndy = 01} < |{s ] &
ar}+|{s | dy = b1} < 2q, yielding that bx 1 <2
Applying Lemma 4.2 to |I;]| which follows the
binomial distribution B(é,%), we conclude that
Pr|L| > m] < (%)™ for all m > 2.

Before we proceed to bound Pr3", |RN(s —
fishHl > 1], the independence between |I| and
{1;] will be shown. To see this, observe that A?
and E? are fixed (i.e., non-random) since they de-
pend on the given f and R, and that A?HE; = 0.
As I} C A? and I, C E?, and as every two
sources independently choose the output ports in
the left column, it follows that any source s in
A? and source s’ in E? independently choose
whether or not to belong to I; and I,, respec-
tively. Consequently, the random sets I, and 1,
are independent, and hence their cardinalities are
independent.

It can be concluded from the preceding dis-
cussions that for [ > 2

Priini+2ih) > 1) =
Sico Prinl = inn) > 12 =
Tieo Prlill =] x PrliL] 2 1 - 2i] =
Prlls] = 0] x PrlL| > 1]+
Prlnl =] x Prlih| > 1= 1]+
S Pr{il) = 4] Pr(|L] > 1 - 2i]
< Pr{lh| 2 1) +Pr(iL] = 1+
S5 Pr{in] = 4] x Pr(lh| 21 - 2i]
<4 H) DS (2
The summand (%)i<1_3%)1-2i of the right-
most sum above will be bounded from above next.

To do so, the summand will be viewed as a con-

tinuous (as opposed to discrete) function g(z)

(£)7 (12 » where r is a variable in the inter-

val [1.1" = 1]. Let h(z) = In(g(z)) =z - zln(z) +

({—2x)In(2e) = (I - 2z)In(l - 2z). The derivative
2

B(z) = InEZ22 Thus, A'(z) < 0 if and only if

—4)y?
L2l <, that is, iff o2 — (14 e + £ < o,

)1—-21"

)1-21'

414

which holds iff HI=yE] < ; < L1+/IFT
Since z < I' < % as Initially supposed, and since
3 < AR G llows that A(z) < 0 if and
only if z > iﬂ%@

+1-2141
2

. Thus, A reaches a peak at
T = in the interval [1./' — 1]. Since
h In(g), g and h behave in the same way,
and hence, g reaches a peak at 7 = ! 1=y2it]
in the interval [1,1’ — 1]. Therefore. for every
t1=1,2, ..., -1, we have

(%)'(TQZT)I"% < g(l—ﬂ;%@) which is equal to
l+l—;:121+1

e ( e )m-l

We have thus proved the folowing theorem.
4.4 Theorem. For every given permutation
f and every given source-destination path R in

C(p,q), and for every integer | > 2 the following
holds

2¢\ 1 L’H
PrIS IR0 (s — f(s))] 2 1] < (2¢)' 4 (T%T)

I+I-E:21+] TFT-1
2e
-\721+1—1

+(13]-1) (@)
(1)
where, for every source s, the path s — f(s) is
a random source-destination path in C(p,q) se-
lected by the randomized routing algorithm.
Every term in the right hand side of (1) can
be shown to converge to 0 exponentially as [ in-
creases. Therefore, for every constant £,0<e<
1, there exists some integer Iy > 2 such that

Pr{ RN (s — ()l > ] < e, or equiva-

lently, Pr{¥ ", IR (s — fPl<lo-1]21-¢.

As the convergence is exponential, it follows that
lp remains reasonably small for arbitrarily small
. In other terms, with an overwhelming proba-
bility approaching 1, the queuing delay is-smaller
than a small value lp — 1.

More specifically, the right hand side of (1)

0.222541, ifl = 16;
is equal to {0.0421121. if Il = 18;
0.0069, if I = 20.
Consequetly,
P"[Z, [RN (s — fs))] < 15] >0.77
Pr[S RN (s — flsN <17) > 095
Pr[3, IR0 (s — f(s))| < 19] > 0.9931
a

thus concluding that with probability greater
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than 99.31%, the queueing delay to route any per-
mutation in C(p,q) is at most 19 for all p and g¢.
This almost certain queueing delay is very small,
especially for large networks, and is by far faster
than any existing algorithm that routes arbitrary
permutations on Clos networks.

§5. Conclusions

This paper presented a simple, efficient ran-
domized routing algorithm for Clos networks.
Probabilistic analysis of the algorithm was carried
out and the queueing delay when routing any per-
mutation was shown to be a small constant (< 19)
with a probability greater than 99.31%. The sim-
plicity of the algorithm and the almost certainly
constant delay make Clos networks very practical.

Future work will extend the algorithm and
its probilistic analysis to Clos networks of more
than 3 stages (defined recursively). The algorithm
will also be applied to mesh and torus networks
as there is a direct correspondence between Clos
networks and cartesian product graphs.
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